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An approach entirely based on the entropy dissipation has been used in the
past in the study of reaction-diffusion equations arising in reversible chemistry.
In particular, it is possible to study the existence (and smoothness) of solutions
to these PDEs in many situations, but in general under the requirement that
the diffusion be nondegenerate (or at least that all diffusion coefficients are
strictly positive a.e.).

We wish to describe here how the entropy approach also enables to treat
reaction-diffusion equations which are strongly degenerated, in the sense that
one or more of the species do not diffuse at all.

Keywords: reaction-diffusion systems, degenerate diffusion, entropy

1. Introduction
Reaction-Diffusion Systems for Reversible Chemistry
The evolution of a mixture of diffusive species A;,i = 1,2,...,q, undergoing

a reversible reaction of the type

a1A1—|—"'+Oéq.Aq\ﬁﬁl.A1+"'+ﬂq.Aq, a;, B €N

*This proceedings summerizes the contributions of both authors.
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is modelled using mass-action kinetics (see [2,5] for a derivation from basic
principles) in the following way:

q q
dra; — di Aga; = (B — o) (l [Te —%[]a ) , (1)
j=1

Jj=1

where a; := a;(t, ) > 0 denotes the concentration at time ¢ and point = of
the species A;.

We suppose that « € Q, where Q is a bounded and regular (C°°) domain
of RN (N > 1). After a suitable rescaling, it is possible to assume that [ = 1
(or equally k = 1) and that 2 is normalized (i.e. |2] =1).

Moreover, we complement system (1) by homogeneous Neumann bound-
ary conditions:

n(x)-Vya;(t,z) =0, YVt >0,z € 092, (2)

where n(z) is the outer normal unit vector at point x of 9.

The particular case A; + Az = Az + A4 (that is, when ¢ = 4 with
a1 = Qg = 17 ﬂg = ﬂ4 = 17 a3 = Oy = O, and 51 = ﬂg = O) has lately
received a lot of attention [8,11]. In order to simplify the notation we further
choose k = 1 (k # 1 works analogous with minor modifications) It is proven
there that whenever dy, ds, d3, dg > 0, there exists a global smooth solution
for dimensions N = 1,2. Those solutions decay exponentially fast (with
explicit rates of decay) when ¢ — 400 towards the (unique ) equilibrium.
In the case N > 2, one still can prove [7] the existence of global weak (L>
and even L? (log L)?) solutions, but it is not known whether there exist
global smooth solutions for general (smooth) initial data, and their large
time behavior is not yet studied.

In the present work, we shall first show that exponential convergence
(with explicit rates) towards the unique constant equilibrium still holds for
any dimension N (see Theorem 2.1 below) when one considers the weak
solutions. The proof of Theorem 2.1 is based on an approach where a quan-
titative entropy-entropy dissipation estimate is established using natural a
priori bounds of the system, improving the results of [7].

It is also proven in [8] that weak solutions exist (for all N > 1) when
the diffusions depend on z in such a way that their sum is bounded below
(by a strictly positive constant), and that they all are strictly positive a.e.

We shall study in the present paper what subsists of those results when
at least one of the d;-s (assumed here to be constants) is zero.

The paper is organized as follows.
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Plan of the paper

We start in Section 2 by presenting the a priori bounds for our system and
by overviewing the analytical tools which are available. We show how they
can be used to prove Theorem 2.1 about large time behavior.

Then, each following section of this work is devoted to a case in which a
certain subset of {dy,ds,ds,ds} is constituted of zeroes. All possible cases
are studied (up to symmetries), except the cases when all the d;-s are strictly
positive (already treated in [8,11]) and when all the d;-s are zero (the system
is then only constituted of ODEs). Section 3 is concerned with the case
dy = 0, while the cases d;y = dy = 0 and dy = d3 = 0 are treated in Section
4. Then, section 5 is devoted to the situation when d; = dy = d3z = 0.
Finally, in a last section we present a few results for the simpler system

A1+ Ay = As.

2. A priori estimates, analytical tools, and convergence to
equilibrium

2.1. A priori estimates and equilibrium

The particular case of system (1) that we are concerned with writes

Oray — dy Agay = azay — ay ag,
Oag — dy Agaz = az ay — ay a,
Oraz — d3 Agaz = ay az — az aq,
Oras — dy Agag = ay ag — az ay,

together with the homogeneous Neumann boundary conditions (2).
Two basic a priori estimates, coming naturally out of the thermody-
namics, can be written for this system.

(i) Firstly, the conservation of the number of atoms implies (at first for
all smooth solutions (a;);=1, .4 of (3) with Neumann condition (2)) that for

allt > 0,
Jo (a ) +as(t,x)) de = [, (a1(0,z) + a3(0,z)) de =: M3,
Jo (ar(t,z) + aa(t,2)) do = [, (a1(0,2) + as(0,2)) de =: Myy,  (4)
Jo (a ) +as(t,x)) de = [, (a2(0,z) + a3(0,z)) dr =: Mas.

(ii) Secondly, introducing the nonnegative entropy (free energy) func-
tional E(a;) and the entropy dissipation D((a;)i=1,..4) = f%E((ai))i:L,.A
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associated to (3) :

Bai(t, z) Z/ (az (t,2) log(as(t, z)) — i(t,m)—&—l) dz, (5)

D(a;(t, x)i—1... Z/4d |Ver/ai(t, z)|? da (6)

+ / (a1 az — as aq) log <a1 a2) (t,z)dx,
Q as aq

it is easy to verify that the following a priori estimate holds (still for smooth
solutions (a;);=1,...4 of (3) with (2)) for all t >0

E(a;(t,z); / D(ai(s,x)i=1,.4)ds = E(a;(0,2);=1,.4). (7)

Finally observe that when all the diffusivity constants d; are strictly
positive (or when at most one of them is equal to 0), there is a unique
constant equilibrium state (@ o0 )i=1,..,4 (for which the entropy dissipation
vanishes). It is defined by the unique positive constants solving a1, cc @2,00 =
3,00 Q4,00 Provided a; o + ar,00 = Mji for (j, k) € ({1,2},{3,4}), that is:

] g = 1\/11?\41\/[14 ;G300 = M5 — Ml?\/JIWM _ MI?WMZS , (8)
Mos M. Mis M M4 M.
a900 = 2?\4 2 Gy = My — 1?\/1 14 1}1\4 21

where M denotes the total initial mass M = M3 + Moy = M4 + Mos.

2.2. Analytical tools

In the sequel, the following tools will systematically be used:

— First, the entropy decay (7) estimate will be exploited as much as
possible. Being nonincreasing, the entropy functional will ensure that

a; € L*([0, +o0o[; Llog L()) Vi=1,..,4. 9)

Considering that the time integral of the entropy dissipation is bounded in
(7), its first component will provide the estimate

Va; € L*([0,+o0c[; H'(Q)). Vi =1,..,4 such that d; >0, (10)

Finally, the second component of the time integral of the entropy dissi-
pation will ensure that, provided agas € Li, ([0, +00[x2), then ajay €
L}, ([0, +00[x) too. This comes out of the following classical inequality

(cf. [10]), which holds for any x > 1,

1 ai as
— 1 . 11
log (a1 05 = ag a4) log <a3 a4> (11)

ajas < Kasgaq +
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Note that by letting x be as large as necessary, this inequality also allows
to prove that an approximating sequence af a¥ is (locally in time) weakly
compact in L! if the sequence a¥ a7} is also weakly compact in L! (and when
estimate (7) holds uniformly with respect to n).

— Secondly, we shall use the duality method as presented, for instance, by
Pierre and Schmitt [13]. This method ensures that whenever some quantity
u = u(t,x) > 0 satisfies

Ou— Aglpu) <0, vVtel0,T],zeQ,
n-Vg[oul =0, vVt € [0,T],x € 092, (12)
u(0,-) € L3(),
where 0 < 61 < ¢(t,x) < 83 < +00, then u(t, x) lies in L([0,T] x Q).

We shall also use a variant of this estimate adapted to degenerate dif-
fusions (Cf. [8]): Whenever a; := oy (t, x),.., oy 1= ag(t,z) > 0 satisfy

@(ziﬂw)—Az@jd¢ano, vt e[0,T),z € Q,
n-Vya; =0, vt € [0, 7],z € 092, (13)
Oti<0, ) € L2(Q) s

for some d; > 0, then (Ele a;) (Zle d; o) € LY([0,T] x Q).

Still another variant of this estimate is useful (Cf. [14]): If oy := oy (¢, ),
g = ag(t, ) > 0 satisfy

ai& (Z'?:l ai) - Am (Z?:l dz ai) § Oa vt € [O,T],LL’ € Q>
n-Vea; =0, vt e [0,T),z €00, (14)
a;(0,-) € LP(£2) p < 00,

for some dy,dz > 0, then ay € LP([0,T] x Q) = ag € LP([0,T] x Q).

— Then, we shall use the properties of the heat kernel in [0,T] x Q. We
recall that if f € LP([0,T] x Q), then the solution v := u(t, x) of

Ou—Agu=f Vtel0,T],ze,
n-Vyu=0, vVt e [0,T),xz € 092, (15)
u(0,) € L*(Q),
lies in L9([0,T] x Q) for all ¢ € [1,+00] such that

L N <1y
p N+2 ¢

We shall also use the monotonicity of the heat kernel: f > 0 = u > 0.
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Finally, we introduce a lemma which is widely known to hold, but often
without reference. We therefore recall an argument of Strook [16], which
shows that Sobolev and Poincaré inequality imply the logarithmic Sobolev
inequality without confining potential on a bounded domain :

Lemma 2.1 (Logarithmic Sobolev inequality). Let Q be a bounded
domain in RN such that the Poincaré (-Wirtinger) and Sobolev inequal-

ities
6 — Jo@dzlF2q) < P() [ VadllF2(q - (16)
16170 (q) < CL) Vel T2 (o) + C2( D) 1001720y, g =3~ ~.(17)
hold. Then, the logarithmic Sobolev inequality
¢2
[ #10 (5 ) o < LON V20l (15)

holds (for some constant L(2, N) > 0).

Proof of Lemma 2.1: Assume firstly that ||¢||3 = 1. Then, using
Jensens inequality for the measure ¢? dz, we estimate

/Q¢2 log(¢?) da = q_%/ﬂlog (¢772) (p*dz) < 32 log (/ngbq dx)
= o (I9l7) < 5 (6l - 1)

using the elementary inequality logx < x — 1. Hence, we have for general

¢,

21 d 2 _ 2
[ 100 (5 ) o < (Il ~ Io1B)
ggjiawm¢ﬁ+5%§«b—nnwa

using the Sobolev inequality (17). Now, in case when fQ¢ dx = 0, inequality
(18) follows directly from Poincaré inequality (16). Otherwise, considering
¢ = ¢ — [P dzx, alengthy calculation [9] shows that

2] 2 d BT
/d) og<¢||2> /d) Og<||¢||2> z+ 2oz,

and the inequaltiy (18) follows from Poincaré inequality (16).

Remark 2.1. On convex domains {2, an alternative proof of (18) consists
in building a limiting procedure with a sequence of logarithmic Sobolev in-
equalitites on IRY (see e.g. [1,4]) with a convex confining potential, which
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is made constant inside the bounded domain (by using the Holley-Strook
perturbation lemma [12]) and tends to infinity outside of the bounded do-
main.

2.3. Convergence to equilibrium

We end this section by a proof of exponential decay towards equilibrium
(with explicit rates) for the weak solutions of system (3) when there is no
degeneracy (all d; are strictly positive).

Theorem 2.1. Let Q be a bounded domain such that Lemma 2.1 holds. Let
(di)i=1,..,a > 0 be strictly positive diffusion rates. Finally, let the initial data
(ai0)i=1,.4 be nonnegative functions of L* (log L)*(Q) with strictly positive
masses (Mj1)(jkye{1,2}.43.4}) > 0 (see (4)). Then, the global weak solution
a; of (3), (2) (as shown to exist in [8]) decay exponentially towards the
positive equilibrium state (4;,00)i=1,..,4 > 0 defined by (8) :

4

Z lai(t,-) = aiooll7i gy < C1 <E((ai,0)i_1,..,4) - E((ai,oo)i_l,..,4)> et

i=1
where the constants C1 and Cy can be computed explicitly.

Remark 2.2. The above Theorem generalizes to all space dimensions the
convergence result obtained in [7]. It avoids a slowly growing L*°-bound
(available only in 1D and maybe 2D) by using at some step the logarithmic
Sobolev inequality (18) to control the relative entropy of the concentrations
a; with their averages @; = [a;dz (recall that [Q = 1). The last (and
main) part of the proof follows then [7]: It uses the global bounds of the
averages @; in all dimensions, which are obtained thanks to the conservation
laws (4).

Note also that exponential decay towards equilibrium in LP(§2) with
1 < p < 2 follows by interpolation with a slowly (polynomially) growing
L?(2)-bound [8].

Proof of Theorem 2.1.: The proof is based on an entropy ap-
proach, where the entropy dissipation D((a;)i=1,..4) = *%E((ai)i:l,..,z;) =
f%(E((ai)i:L_,A) — E((@i,00)i=1,..4)) is controlled from below in terms of
the relative entropy with respect to equilibrium. That is, we look for an
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estimate like

D((a;)i=1,..4) > C E((ai)i=1,.. 4] (ti,00)i=1,...4) (19)

4
ai

=C Z/Q {ailog (ai Oo) — (a; — ai,oo)} dz ,
i=1 ,

with a constant C' provided that all the conservation laws (4) are observed.

Then, a simple Gronwall lemma yields exponential convergence in relative
entropy to the equilibrium (a; o0 )i=1,..,4. Furthermore, convergence in L' as
stated in Theorem 2.1 follows from a Cziszar-Kullback type inequality [7,
Proposition 4.1].

In order to establish the entropy-entropy dissipation estimate (19), we
firstly use an additivity property of the relative entropy

E((ai)i=1,..4l(0i,00)i=1,..4) = E((ai)i=1,..4|(@)i=1,..4)
+E((@)i=1,...4/(0i,00)i=1,.4),
to — roughly speaking — separate in relative entropy how far away the con-
centrations a; are from their averages a; and how much the averages a;
differ from the equilibrium constants a;, .

The first term can be estimated thanks to the logarithmic Sobolev in-
equality (18) (recall the conservation laws (4)) by

4 4
@) =3 [artor (%) dr< 1) S [ 19yl e,
=179 g =179

which is clearly bounded by the entropy dissipation D((a;)i=1,..4)
On the other hand, estimating the second contribution can be done in
the following way: We define

Pz, y) =

E((ai)i=1,.4

z In(z/y) — (x —y) x

= ¢(77 1)

(Ve —/y)? y

Note that thanks to the conservation laws (4), ¢(@;/aic0,1) < C(Mjk).
Then, we can write

B allaso)ims, ) = 3 [atog (522 ) = (@ - )|

4 4
< Z¢(fl7, Qi,o0) ’\/671‘— \/ai,oo‘Q < C(Mjy) Z ’\/671‘ - \/ai,oo’2 .
i=1 i=1

Finally, the expression Z?:l }\/a:l — /@i 00 |2 is bounded in terms of equa-
tion (47) in [7, Lemma 3.2]. This Lemma entails as a consequence that it
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can be bounded in terms of the entropy dissipation D((a;)i=1,...4). We recall
that the proof can then be concluded thanks to the Cziszar-Kullback type
inequality [7, Proposition 4.1]. O

3. Existence and smoothness, one diffusion coefficient

missing
This section is devoted to the study of system (3), (2) in the case when
d1 =0, ds, ds, dg > 0.

Theorem 3.1. Let Q C RN be a bounded and regular (C*°) domain, and
di = 0, da, d3, dy > 0. Then there exists a weak (L}, ,([0,+00] x Q) x

loc

(L2(log L)2 ([0, +0c] x Q)3 ) solution to system (3), (2) for all smooth (and
compatible with the Neumann boundary condition) nonnegative initial data.

Moreover, this solution is smooth (C*([0,+oc[xQ)*) when N = 1.

Proof of Theorem 3.1. We consider a (strong) solution of system (3),
(2) and observe that

8,5(24:(% loga; —a; + 1)) — Aw(idi (a; loga; —a; + 1)) <0. (20)

i=1 i=1

Using the method of duality, we get the estimate

[idi (a; loga; —a; + 1)] [i(ai loga; — a; + 1)} € L},.([0,+00[x Q).

=2 i=1

As a consequence and since ds, ds, dy > 0, we see that ag, as,
as € L*(log L)?, ([0, 400[x ). In particular az as € L1og Ly, ([0, +00[x ).
Then, one uses inequality (11) in order to see that a; as € L}, ([0, +00[x ).
Since these bounds enable to define all the terms in system (3), (2),
existence can then be proven using the following approximating system:
O — dy Ay = eiolel
1+ L 54 gno
TR e Ry e Q) (21)
o —dy Ao = £

n-Vga! =0, Vte IRy, x €00, (22)

al(0,z) = a;(0,2), Vr € Q. (23)
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Existence of a smooth solution for system (21), (22), (23) (for a given
n € IN* and for d; > 0) is a consequence of the existence of smooth solutions
U: Ry xQ — IR? of systems like

U — DALU = f(U),

where D is a diagonal constant matrix whose entries are all nonnegative,
and f is globally Lipschitz-continuous. Those solutions are limits of the
sequence Uy, where

Uit — D AUy = f(UR).

For details we refer for example to [6].

Then, we show that it is possible to pass to the limit in (21), (22), (23)
in order to recover a (weak) solution to (3), (2). This is done by verifying
that the a priori estimates proven above for the solutions of (3), (2) still
hold (uniformly with respect to n) for the approximated system (21), (22),
(23). Note first that the method of duality ensures that

4 4
[Z d; (a2 logal! — al' + 1)} {Z(a? loga? — a? + 1)]

=2 i=1

is bounded in L},

([0, +00[xQ). As a consequence, a} a} is bounded in

Llog Lioe([0, +00[xQ). Then, the entropy dissipation estimate writes (for
the approximated system):

4 n 2
sup /Za logal — a} —i—l)dm—i—// [ZdiW] dxds
Qli=1 AN

te[0,T7]

//al s, xlai s, a;:l 1a3(<(9 90))(14(3’33) log (Zggz:g Zggz:g) dxds < C,

for a constant C independent of n. The first term in this estimate ensures
that the (al');—1,.4 are weakly compact in Lj, ([0, +00[x(2). Up to extrac-
tion, they converge therefore to some limit a;.

Using the following variant of inequality (11):

al al <k a3 ay 1 (ai ay — a3 af) log (al ai)
< +
1+ 157 ap 1+ 15 ap  logk 1+ 15 ap

we see (thanks to Dunford-Pettis’ criterion, cf. [3] for example) that the

)

quantity
ay ay

1
1+% 2o 0}
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lies in a weak compact set of L}, ([0, +00[x{). As a consequence, da? —
d; Aza? lies in a weak compact set of L}, ([0, +00[x€2), and the properties of
the heat kernel ensure that the sequences (a});=2 34 converge a.e. towards
a;. We then rewrite the first equation of (21) as

al (o,x)

@(t,7) = af (0,) ¢ " TR T

/t a%(s,xz)aj(s,x) - + — a%:,zl(m:)da ds
1 - :
o1 711 Zi:l a?(s,x)

Then, 1 Z?:l a;' converges a.e. to 0 so that

do

ay ag aj
1"_%2?:1“? 1+%Z?:1a?
Thanks to the bounds on (a);—2.3 4 in L*(log L)% ([0, +00[xQ), we see that

loc

a’ converges a.e. to a;. Finally, the weak compactness in L}, ([0, +00[x )
of 1+;12?=1 o and 1+%a32‘§4=1 an enables to pass to the limit in (the weak

formulation) of (21), (22), (23).

In dimension 1, it is in fact possible to show that these solutions are
strong. This follows by observing that as, as, a4 satisfy a heat equa-
tion with a r.h.s. in L}

— ap a.e. and — agay a.e.

L ([0, +00[xQ). As a consequence, they lie in
L3 2([0, +00[xQ) for all ¢ > 0. Then, ay satisfies a heat equation with
ar.h.s. in L?O/sza([o, +00[x2), and it lies therefore in L! ([0, +00[x) for

all p € [1, 400[. We observe that (for all € > 0)
e ([0, o0[x0), (24)

loc

(9,5&1 <agay € L

3/2—
so that a; as € Llo/c c

?0/02_8([0, +00[x(2), and lies as a consequence in L ([0, +o0[x(2)
for all p € [1, +00]. Using again (24), this also holds for a;. A last application
of the properties of the heat kernel and of (24) ensures that all a; are
bounded, and the smoothness is an easy consequence of general properties
of the heat operator and the regularity with respect to a parameter of

solutions of ODEs. This ends the proof of Theorem 3.1. O

([0, +00[x€2), and a3 a4 satisfies a heat equation with

ar.h.s.in L

4. Existence and smoothness, two diffusion coefficients
missing

4.1. First case

Theorem 4.1. Let Q C RN be a bounded and regular (C*°) domain, and
dy =ds =0, da, dy > 0. Then there exists a smooth ((C*(]0,+oo[x2))*)
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solution to system (3), (2) for all smooth initial nonnegative data (compat-
ible with the Neumann boundary condition).

Proof of Theorem 4.1. We consider a solution to system (3), (2).
Then, 0;(a1 + a3) = 0, so that aj,a3 € L2 (]0,+00[xQ). Moreover,
az,aq € L°([0,4+00[; L1(©2)) thanks to the conservation laws, so that a; as
and az ag € L}, ([0, +00[xQ).

Using the properties of the heat kernel, we see that as,aq4 €
L§£\£+2)/N_E([O,+oo[x(2) for all € > 0, and the same is true for a;as,
az ay. An immediate induction shows that as,as € L2 7°([0, 4-00[xQ) for

(ps)semn~ such that loc

__N_. 1, N 1
N+2  p, N+2 pen

Finally, a; € L ([0, +00[xQ) for all i = 1,..,4, and the smoothness can

loc

D1 -1

easily be recovered.

Existence is obtained through the use of the approximated system (21),
(22), (23). The proof used above (when applied to al instead of a;) shows
that the sequences al' are bounded in L$° ([0, +00[x2). Then, a¥ and af
converge a.e. to some limit as, a4 thanks to the properties of the heat kernel.
Denoting ¢(z) := al(t,x) + a5 (t, z) = a1(0,x) + a3(0, x), we see that

_ ¢ _aB(o.@)+af (o)
at(t,r) = a(0,x)e O P Tl

t n _ t _aglom)taf(oz)
/ gbl(x) 24(5’@ ¢l T e g,
n
0 1+ﬁ Zi:1 a; (va)
4 o
Then, % > iy @i converges a.e. to 0 so that a} converges a.e to some limit

a1. The same holds for af. As a consequence, it is possible to pass to the
limit in (21), (22), (23) and this ends the proof of Theorem 4.1. m|

4.2. Second case

Theorem 4.2. Let Q C RN be a bounded, regular (C*) domain, and
di = dy =0, d3, dy > 0. Then there exists a weak ((L},.([0,+00[x))? x
(L%(log L)2, (0, +00[x2))?) solution to system (3), (2) for all smooth ini-

tial nonnegative data (compatible with the Neumann boundary condition).
Moreover this solution is smooth (C>([0,4+o0c[xQ)*) when N = 1.

Proof of Theorem 4.2. We consider a solution to system (3), (2). We
notice that thanks to the method of duality, inequality (20) leads to the
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estimate
(dz az + dyag) (a1 + az + a3 + ag) € Llog Lie([0, +00[xQ), (25)
so that a3, as € L%(log L)2 ([0, +o0[x Q).

loc
Using now the second term of entropy dissipation integral (7) (that is,

inequality (11)), we see that
azay € L}, ([0, +0o[xQ) = ayas € L},.([0,+00[xQ),

so that all terms in system (3), (2) can be defined. In order to prove ex-
istence, we consider the approximated system (21), (22), (23) and ver-
ify that the arguments above can be used (uniformly w.r.t. n). Esti-
mate (25) still holds uniformly w.r.t. n, and leads to the boundedness in
Llog Lioe([0, +00[x Q) of the sequence a} a?. Inequality (11) shows then
that af a3 is weakly compact in L ([0, +0o[x2). Finally, thanks to the
properties of the heat kernel, we know that af and aj converge a.e. to
some ag, aq.

The equation on a} can then be rewritten as
Ohay =" =" ay (a7 - ¢), (26)

where ¢(z) := a}(t,z) — ay(t,z) is constant for all n, t. Moreover,
(tr) = (1+ 2 Zle a)~! tends to 1 a.e. and lives in [0,1], and
Yo = 0"a%a} converges in L'([0,7] x Q). We first observe that (up
to extraction of a subsequence), the quantities fOT |07(t,x) — 1| dt and
fOT [v"(t, x) —as(t, ) as(t, )| dt converge towards 0 for a.e. z € . Then, for
a given x € ), we introduce the sequence of functions of time oy := aj (t)
approximating the ODE (26) in the following way:

t
ap 1 (t) = al(0)e” Jo 87 (s) (ap (s)—¢) ds +/ A (s) e J18™(0) (ap(0)=@) do g
0

It is easy to see that (still for a given z), sup,c(o 7 SUP, nem |y (1) < 00
and limy oo SUP,, ¢ v SUPefo, 7y [0, (t) — @™ (¢)] = 0. Then, it is possible to
prove by induction on p that (for all p) lim, . o) () — a,(t)| = 0, where

t
ap+1(t) — a?(()) e~ fot(ap(s)_(b) ds + / ad(s) a4(s) e~ f;(ap(a)—qﬁ) do ds.
0

It is therefore possible to prove that the sequence o (t) is a Cauchy sequence
in L*°([0,T1]), and consequently that there exists (still for a given z) a
function a := a;(s) such that limy_oc sup,eo 77 |ap(t) —a1(t)| = 0. Thanks
to the previous construction, we see that a} converges to a; uniformly on
[0, T] (for a given x). Therefore, we obtain the convergence a.e. of af to as,
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and the same holds of course for a. This is enough to pass to the limit in
the system.

Moreover, when N = 1, the properties of the heat kernel imply that (for
all € > 0) as,as € L} 7 ([0, +00[xQ), so that azas € L?O/f_g([O, +00[x0Q).

Then, we observe that (with ¢(z) := a1(t,x) — a2(t, x))

Or(a37% /(2 = 2¢)) < ay *Fazay —ad % — a3 ¢

<ag—25(1 2 ) (azas)®/*—¢ 3—2¢ 2-2 4

T3 2 32— 2 T™

due to Young’s inequality. As a consequence, az € L3 ([0, +00[xQ). Then
the properties of the heat kernel imply that azas € L ([0, +00[x) for
all p € [1,400[. A last iteration ensures that all a; lie in L. ([0, +0oo[x ),
which implies smoothness of the solution without difficulty. This ends the

loc
proof of Theorem 4.2 O

5. Existence and smoothness, three diffusion coefficients
missing

Theorem 5.1. Let Q C RN be a bounded and regular (C*°) domain, and
dy = dy = d3 =0, dy > 0. Then there exists a smooth ((C°°([0, +oo[x2))*)
solution to system (3), (2) for all smooth initial nonnegative data (compat-
ible with the Neumann boundary condition).

Proof of Theorem 5.1. We consider a solution to system (3), (2). We
first observe that
ar(t,z) + as(t,x) = a1(0,z) + a3(0,z) :
as(t,x) + az(t,z) = az(0,2) + az(0,x) :
where C' > 0 is defined as

C = sup {|a1<o,~>||m T 11as(0, )l llaz(0, Y[z + llas (0, ->||Loc}.

I
=
&

<C, vVt >0,z €9,
<C, W>0,2€Q,

[
=
&

Then, the system can be rewritten as

drag = (¢ — a3) (Y — as) — azay < C?,

Oray — dy Agay = (¢ —as) (¥ — ag) — azag < C2.
Since the left-hand side is bounded (when a3, a4 are nonnegative), it is
possible to prove existence of a bounded solution by a simple continuation

argument (Cf. [6]). Note that we do not need to use an approximated system
here. Smoothness follows then easily. This ends the proof of Theorem 5.10
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6. Existence and smoothness: the case of a three-species
reaction

In this section we present brief proofs of theorems of existence and smooth-
ness in the case of the simpler chemical reaction A + B = C. The corre-
sponding system writes

Oia —dy Aga=c—ab,
Ob—dy Ayb=c—ab, (27)
Oic —ds Ayzc=ab—c,

together with the boundary condition
nVya=0, nVyb=0, n-Vyue=0, Vi >0, x € 09N. (28)

In order to keep the proofs short, only the a priori estimates are pre-
sented. Approximation arguments similar to those used in Sections 3 to 5
can then be used in order to build up the solutions.

6.1. One diffusion missing, first case

We consider the system (27) in the case when dj,ds > 0, and dy = 0. We
prove the

Theorem 6.1. Let Q C RN be a bounded and regular (C*°) open set of
RN, and dy, d3 > 0. Then there exists a smooth ((C>([0,4+o00[xQ))*)
solution to system (27) — (28) for all smooth initial nonnegative data (com-
patible with the Neumann boundary condition).

Proof of Theorem 6.1. We consider a smooth solution to system (27),
(28). We observe that

8t<(a loga—a+1)+ (blogb—b+1)+ (cloge—c+ 1))
—Aw(dl (aloga—a+1)+da(blogb—b+1)+ds(cloge—c+ 1)) <0.
The method of duality implies then that

{dl (aloga—a+1)+dy(blogb—b+1)+d;s(cloge—c+ 1)} (29)

X [(a loga—a+1)+ (blogb—b+1)+ (c logc—c—l—l)] € L}, ([0, +00[xQ),

so that a,c € L*(log L)% ([0, +00[xQ).

loc
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Then, ;b < ¢ implies also that b € L?(log L)% ([0, +oo[x). This is
enough to define weak solutions to the system. We now present three meth-
ods which work under less and less stringent conditions on the dimension

N.

We first suppose that N < 5. Thanks to the properties of the heat kernel,
we know that (for alle > 0) a € L?§5+2)/(N72)7€([07 +00[x€) (the number
% is replaced by oo for N = 1 and by any p < 400 when N = 2).
I(CJ,\?z)/J\FS([O7 +00[x(), and thanks again to the
properties of the heat kernel, ¢ € Ll(é\éJrz)/(Nﬁ)*E([O, +00[x Q).

We now present the bootstrap argument only when N = 5 (the cases
N = 1,2,3,4 being easier). We know that a € Llljc/sfg([o, +00[x ),
ce L= ([0, +00[x ).

As a consequence, ab € L

1Z7E([0, +00[x2), and 9b < ¢, so that b € Lzo/csfg
Using the heat kernel first for a, we get a € L ([0, +00[xQ), so that
ab € LZO/CZFE([O, +00[x€2), and using it then for ¢, we see that ¢ €

Lfo/fff([o, +00[x€2). As a consequence, b € LZO/C%E([O, +00[x€2). Still thanks
to the heat kernel properties, a € L ([0,+00[x) for all p € [1,+00], so
that ab € ijf*‘f([o, +00[xQ), and ¢ € L? ([0, +00[xQ) for all p € [1, +ocl.
So does b and it remains to use a last time the heat kernel and 9;b < ¢ to
get the boundedness of a, b, c. Smoothness is then easy to prove.

We introduce a different type of arguments in the case when 5 <
N < 12. Let us assume that ¢ € L ([0, +o00[x€). Then, the same holds

loc

for b, and thanks to the properties of the heat kernel (for all ¢ > 0),
a (N+2)

a € L7720, +00[xQ). As a consequence, ¢b?™! € LL ([0, +00[x()

loc loc
1 _
and ca™@/ 5 ° € Ll ([0,400[xQ). Then, we notice that for all

loc
p € [1, 4],
0, (bP/p) + abP =bP~ L ¢,
0¢(a?/p) + baP + dy (p — 1)aP~2|V,a|* — dy V- (aP1V,a) = aP L e.

Since a and b are nonnegative, this ensures for all 7' > 0

T T
//abpdxdt §//cbp71 dxdt,+/bp(t:0)/pdx,
0Ja 0Ja Q

T T
//apbdxdt S//ca”_1 dmdt+/ap(t=0)/pdm,
0Ja oJa Q

so that (using first p = g and then p = ﬁ%t;g} —&)ab? € L}, ([0, +00[xQ)

1 i
and o't TETTH ) € L},.([0,4+00[x). By interpolation, we end up
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with ab € L1+2<1—§/7(§V+2>>75. Finally, thanks to the properties of the heat
kernel, ¢ € L7 ([0, +o0o[x ), with

loc
1. 20-¢/(N+2) 2
r- 1+q(1-2/(N+2)) N+2

This leads to the following induction formula: ¢ € L{" ([0, +-00[x2), where

loc
1 200 —g/(N+2)) 2

i1 1+¢(1-2/(N+2) N+2

It can be verified than when N < 12, the sequence g, is increasing (after a
finite number of steps, the estimates on the heat kernel imply that ¢ € L*°).
Smoothness is then easy to prove. Note that the method above applied to
the non degenerate case (di,ds,ds > 0) leads to the existence of smooth
solutions when N < 16.

QO:27

We finally introduce the proof which holds for any dimension N. Ac-
cording to the variant (14, see also section 2.2) of the method of duality,
since

O(a+c)—Ay(dra+dsc) =0,
we know that any estimate in L}  for a can be transfered to ¢. Thanks to

the properties of the heat kernel used for a, we see that a € LY = c ¢

loc

L =aelLi  withl/q>1/p—2/(N +2). A simple induction leads to
a L estimate for a,c. The same can be obtained for b since 9;b < c. This
ends the proof of Theorem 6.1 O

6.2. One diffusion missing, second case

Theorem 6.2. Let Q C RN be a bounded and regular (C*°) domain, and
di, d2 >0, d3 = 0. Then there exists a weak ((L},.([0, +00[x))*) solution
to system (27) — (28) for all smooth initial nonnegative data (compatible
with the Neumann boundary condition).

Moreover, if N < 3, then this solution is smooth ((C*°(]0,+oo[x2))*).

Proof of Theorem 6.2. We consider a solution to system (27), (28). We
observe that (29) still holds, so that a,b € L?(log L)% ([0, +00[x).

Then, d;c < ab also implies that ¢ € L log Ljo.([0, +00[xQ). This is
enough to define weak solutions of the system.

Moreover, if N = 1, then thanks to the properties of the heat kernel (for
all e > 0), a,b € L3 5([0, +00[xQ), so that ¢ € L3 ¢([0, 4-00[xQ). Then,

loc loc
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still thanks to the properties of the heat kernel, a,b € L ([0, +o00[x) for
all p € [1,400[, so that ¢ € L ([0,+0c[xQ) for all p € [1,400[. A last

iteration shows that a,b,c € L2 ([0, +0o[x Q).

loc

We now propose an alternative method when N = 2 or N = 3. We
present it only in the case N = 3 since the case N = 2 is easier. We observe
that

(0r —d1 A,)(a?/2) = a(c—ab) —dy |Vea* < ac.
Using the variant (13) of the method of duality, we see that ac €
L}, ([0, +00[x£2). The same holds for bec. Using the properties of the heat
kernel, we end up with a2,b% € L?O/f_g([O, +00[xQ) for all € > 0. But d;c <
ab, so that ¢ € LY*7°(0, +00[xQ). We then proceed by induction using
the properties of the heat kernel. We obtain first a,b € L? ([0, +00[xQ),

loc
loc
so that ¢ € LY?7([0,+00[x€), and then a,b € LF. ([0, 400[xQ) for all

loc

p < 4+oo. A last iteration enables to conclude the proof of Theorem 6.2 O

6.3. Two diffusions missing, first case

Theorem 6.3. Let Q C RN be a bounded and regular (C*°) domain, and
di > 0, dy = d3 = 0. Then there exzists a smooth ((C°°([0,+oo[x))*)
solution to system (27) — (28) for all smooth initial nonnegative data (com-
patible with the Neumann boundary condition).

Proof of Theorem 6.3. It is enough to notice that 9;(b+ ¢) = 0 so that
b(t,x) + c(t,x) = b(0,z) + ¢(0, ) := P(x).
Then, the system can be rewritten
Ora—dy Aga=¢—b—ab,
8ib=d—b—ab.

Since the right-hand-side of the system is bounded, it is easy to prove
existence of smooth solutions. This ends the proof of Theorem 6.3. O

6.4. Two diffusions missing, second case

Theorem 6.4. Let Q C RN be a bounded and regular (C*°) domain, and
d3 > 0, dy = dy = 0. Then there exists a smooth ((C*([0,+oo[xQ))*)
solution to system (27) — (28) for all smooth initial nonnegative data (com-
patible with the Neumann boundary condition).
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Proof of Theorem 6.4. We notice first that d;(a — b) = 0 and, thus (for
all times ¢ > 0)

a(t,x) — b(t,x) = a(0,z) — b(0,z) := —p(x).
Then, the system can be rewritten as

dia=c—ala+ ),
Oc —ds Aye =a(a+ @) —c.
Thanks to the duality method, we already know that ¢ € L2, ([0, +oo[x ),

loc

and hence (thanks to the first equation) that a € L2 ([0, +oo[xQ). Then,
the first equation also implies that

Oi(a®/3) < ca® —a* —aPp < ?/2—a'/2 —dp.

As a consequence (integrating w.r.t. time) we see that a € L} ([0, +00[x ).

Then, using the properties of the heat kernel, ¢ € LIN+2/(N=2)=¢ fop 3]
€ > 0 (the exponent is replaced by co when N =1 and by any p € [1, +o0[
it N = 2).

In fact, if we know that ¢ € LY ([0, 4+00[x(2), then

loc
Or(a® 1 )(2p — 1))+ a* < ca® ™ — pa®!
< c’/p+a® (1-1/p)—¢a™ ",

using Young’s inequality. As a consequence, a € LlQOpC([O, +00[xQ) and using

the properties of the heat kernel, ¢ € L ([0, 4+00[xQ) with 1/¢q > 1/p —

loc

2/(N +2). An immediate induction shows that a,c € L ([0, +oo[xQ), and

loc
this is enough to guarantee the smoothness of the solution. This ends the

proof of Theorem 6.4 O
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