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Abstract

In this paper, we are concerned with a class of multi-dimensional balance laws
with a non-local dissipative source which arise as simplified models for the hy-
drodynamics of radiating gases. At first we introduce the energy method in the
setting of smooth perturbations and study the stability of constants states. Pre-
cisely, we employ Fourier space analysis to quantify the energy dissipation rate and
recover the optimal time-decay estimates for perturbed solutions via an interpola-
tion inequality in Fourier space. As application, the developed energy method is
used to prove stability of smooth planar waves in all dimensions n > 2, and also
to show existence and stability of time-periodic solutions in the presence of the
time-periodic source. Optimal rates of convergence of solutions towards the planar
waves or time-periodic states are also shown provided initially L!-perturbations.
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1 Introduction

In this paper, we are concerned with the hyperbolic-elliptic coupled system in several dimen-
sions:

Ou+ V- [f(u)+4q] =S5, (1.1)
—V[V-g—u]l+¢=0. (1.2)

Here u = u(t,z) : RxR"™ - R and ¢ = ¢(¢,z) : R x R™ — R" are unknown, and n > 1 denotes
the space dimension. f(u) = (f1(u), fa(u), -, fa(u)) : R > R™ and S = S(t,z) : R x R” = R
are given functions. It is supposed that the flux function f(u) is smooth in w. Additionally, in
Section 3 dealing with planar rarefaction waves, we shall assume that the first component f; is
strictly convex.

The system (1.1)-(1.2) can alternatively be written as a single equation. In fact, let P be a
pseudo-differential operator defined by

—~ 1

Pu(§) = Wa(f),

and then taking the divergence of (1.2) gives
V.q=—-APu.
Thus, the system (1.1)-(1.2) reduces to
Ou+V - flu)=APu+S. (1.3)
Note that Pu is equivalent to the non-local convolution operator
Pu = K xu,

where the kernel K is the Bessel potential given by

1 g l=?
K(:C)W/(; S 2e 4s dS7

satisfying the following basic properties:

K(z)=K(z|) > 0, K(z)dr =1, AK xu=—-u+ K *u.
RTI,

The main goal of this paper is to introduce the classical energy method to prove the stability
and convergence rate of smooth solutions to the model system (1.1)-(1.2) or equivalently (1.3)
near some existing equilibria such as constant states, one-dimensional smooth rarefaction wave
and possible time-periodic states. For the proof of stability, the essential issue is to obtain the
dissipation rate of the temporal energy in order to further control the nonlinear conservative
term. In fact, the linear non-local dissipative term APu in (1.3) can be written in terms of the
inverse Fourier transformation as

_ (P oY
APu = <1+I£I2 (g)) : (1.4)

As pointed out in [34, 35], eq. (1.4) can be read in the way that APu behaves qualitatively like
the usual Navier-Stokes viscosity Au at the low-£, while it may act as the damping force —u at
the high-£. From the series of work in [35, 19, 22, 27, 8], this characteristic of the linear operator
APu implies that (1.3) retains many of the properties exposed by the viscous conservation laws

Ou+ V- f(u) = Au,

essentially since the high-£ components to the solutions of (1.3) decay exponentially in time.
However, it should be also noted that the derivative of solutions to (1.3) may blow up in finite
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time [19] due to the weaker smoothing property of APu. We remark on the other hand that
the non-local term APu was also derived by Rosenau in [34] as the corresponding extension of
the Navier-Stokes equations via the regularisation of the Chapman-FEnskog expansion from the
Boltzmann equation, which is intended to obtain a bounded approximation of the linearised
collision operator for both low and high frequencies.

Let us comment on related mathematical models. The model system (1.1)-(1.2) or its equiv-
alent form (1.3) appears in radiative hydrodynamics [40] and in the context of self-gravitating
fluids modeled by the Euler-Poisson system [44], where the nonlocal forcing in (1.3) reflects the
global influence of heat sources or gravitation fields, respectively. In particular for radiative
hydrodynamics, the fluid gains or loses energy and momentum by interacting with electromag-
netic radiation through the emission, absorption and scattering of photons, see [30, 40]. An
underlying hyperbolic-elliptic system describing the one-dimensional motion of the radiating
fluid takes the form of

O¢p + 0z(pu) =0,

9 (pu) + 0z (pu® + p) = 0,

Oilple + 3u)] + Oulpule + 3u?) + pu +q] = 0,
—92q + 3a’q + 4arkd 0% = 0,

where the hydrodynamic functions p > 0, u, p, e and € > 0 denotes the mass density, velocity,
pressure, internal energy and absolute temperature of the fluid, respectively, and ¢ is the ra-
diative heat flux, and a > 0, k > 0 are the absorption coefficient and the Boltzmann constant,
respectively, see [40]. A full mathematical model of radiating plasma flow is given by the com-
pressible Euler equations as in (1.5) coupled with a linear Boltzmann equation for radiation
density [40]. We also note that nonlocal models of the above type have also been derived in
traffic simulation [37].

Note that the hyperbolic-elliptic coupled system (1.5) can be written in the following general
form:

U+ 0, (f(U)+M;V) =0,
{ 16)

—92V + MV + v(U)0,g9(U) =0,

where U € R™ and V € R"™ are unknown functions of the single spatial variable z € R, and
fR™ =R™ g:R™ — R" v:R™ — R are given smooth mappings, and My, My are m x n
and n X n matrices, see [14, 17, 18]. Furthermore, by taking the proper approximation of (1.5),
Hamer in [13] derived a simplified model system in the form of

{atuwx(;u? +q) =0, W

—agq—i-q—i—@wu =0,

which as far as we know, is the simplest model for the hyperbolic-elliptic coupled system
appearing in the study of radiation hydrodynamics. We refer also to [7] for the existence theory
and the large time analysis of non-linear variants of (the second equation of) (1.7) replacing d,u
by a nonlinear gradient 9, B(u). A typical choice is B(u) = ou* with ¢ > 0, which is derived
from Planck’s law of black body radiation and corresponds to the nonlinearity appearing in
the equation of the temperature in (1.5). A similar system with general nondecreasing B(u)
has been derived in [4, 5] as a simplified model for describing non-local energy transports in a
radiation fluid. We refer to [33] for a investigation of this special model as the non-relativistic
limit.

Concerning higher dimensions, [13] proposed the model system (1.1)-(1.2) as a simplification
of the multi-dimensional version of (1.5); see [11] for the formal derivation from (1.5) in the
case of several dimensions to (1.1)-(1.2).

There is extensive mathematical work on the macroscopic systems at the different levels
mentioned above, and in what follows let us review some of results related to them. Firstly,
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the global well-posedness and large-time behaviour of solutions to the Cauchy problem of the
one-dimensional model system (1.7) are well-established. In fact, (1.7) was first studied in
[35], where the propagation of smoothness of solutions with small initial data, existence of
travelling waves, existence of entropy solutions with BV initial data and zero relaxation limit
were considered. The further investigations of the existence and uniqueness of entropy solutions
were made by Ito [16] for BV data and by Lattanzio-Marcati [25] for L' N L> data, see also
the recent work [36]. In addition, a series of work was done by Kawashima et al. to study the
stability of wave patterns such as travelling wave and rarefaction wave in [19, 20, 21, 22], see
also Liu-Tadmor [29]. Recently, a sharp rate of solutions to the travelling wave was given in
[31] through the weighted energy method, and also the optimal L' time-decay rate of solutions
to the diffusion wave defined by the viscous Burgers’ equation

Oiu + ulzu = 8iu

was given in [8] by means of entropy production method. For the system (1.5) or its generalised
form (1.6), the large-time behaviour and singular limit of solutions for different types of initial
data were considered in [17] and [18, 32], and later [14] exposed the pointwise estimate of
solutions by using the Green’s function method; see also the recent work [41]. [28] considered the
existence and regularity of smooth travelling waves, and [26] proved the existence of admissible
radiative shock wave. The system (1.1)-(1.2) or (1.3) has been also extensively studied in the
past few years. [6] generalised the previous result [25] to the case of several dimensions. The
stability and convergence rate of solutions near the planar rarefaction waves were obtained in
[11, 12] for the case of the space dimension 2 < n < 5. In this context we also mention more
general results on the stability of viscous shock waves, see e.g. [45] and the reference therein.
The local- and global-in-time well-posedness of solutions in L' was given by [2, 1].

Finally, we mention [42, 23] about the studies of stability of planar rarefaction waves in the
context of the viscous conservation laws and [43, 33] for the BV estimates on solutions via a
discrete difference scheme. For the general information about the hyperbolic conservation laws,
refer to [3].

The results of this paper are organised as follows: In Section 2 we consider (1.3) without
external source S. The main result Theorem 2.1 shows stability and optimal convergence rates
of smooth solutions near a constant state. The proof employs an energy method in the setting
of smooth perturbations based on the following Plancherel-identities

2 2a
0*APud%udr = —/ €%

~2
u|“dég,
o L JE 4

R

which (by taking a suitable linear combination over all a with |a| = k for any integer k > 0)
sum up to yield the desired energy dissipation of w:

g
Jo gl

It remains to control the nonlinear conservative term V - f(u), for which we derive first a
zero-order (k = 0) energy equality and, subsequently, high-order energy inequalities. While
the zero-order equation is closed (see Lemma 2.1), the high-order estimates (see Lemma 2.2)
require to assume an a priori smallness to control the derivatives of V - f(u) in terms of the
energy dissipation. We remark that the here presented way of estimating the conservative flux
term can also be applied to related physical models.

Moreover in Section 2, we prove in Lemma 2.4 an interpolation inequality for the lowest-
order term of the energy dissipation rate via a frequency decomposition argument. Since solu-
tions to (1.3) are contractive in L', we conclude time-decay rate in L? of perturbed solutions in
a typical way via time-weighted estimates on the energy (see the end of Section 2 for the proof
of Theorem 2.1).

In Section 3 the energy method is subsequently applied to study stability and convergence
rates of smooth planar waves. In contrast to the recent works [11, 12], we are here able to
demonstrate a unified proof of stability of smooth planar waves for any spatial dimension
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n > 2. As firstly considered in [15], the main difficulty comes from the degeneration of planar
wave profile in the transversal directions which can be overcome by the time-decay of the planar
wave profile itself, see the proof of Theorem 3.1.

Finally in Section 4, we consider (1.3) with a time-periodic source. In Theorem 4.1, we
construct time-periodic solutions via an iterative scheme using (1.3) with linearised flux term,
which passes to the limit provided that the time-periodic source term is small in sufficiently
high Sobolev spaces. One of the main ideas, initially developed in [38] and later in [39, 10],
is to write the equation with time-periodic coefficients as the mild form containing an infinite
time integral.

We also remark that the time-decay estimate on the linearised solution operator plays a
key role in obtaining the uniform bounds of the iterative solution sequence, see Lemma 4.1 and
Lemma 4.2. In order for the time-decay rate to be integrable over all times we have to assume
spatial dimension n > 5 in Theorem 4.1. The remaining dimensions 1 < n < 4 are left open.
The asymptotic stability of the time-periodic solution is discussed in Theorem 4.2. The proof of
stability is analog to perturbations of constant states, whereas the convergence rate is obtained
on the basis of the energy-spectrum method recently developed by [10, 9].

Notations. Through this paper, for integer m > 0, we use H"" denotes the Sobolev space with
norm ||« ||gm. As usual, we use L? = H? for m = 0 with norm || || and (-,-) to denote the inner
product in L2, The notion %(¢) denotes the Fourier transformation of u(z). We use

V= (81313"' 7830")7

and for any integer m > 0, V™u denotes all m-order derivatives of the function u. For the
multiple index a = (a1, -+ , @), we denote
¥ =00 Qon, X = LY

Ty n

The length of a is |a] = a3 + -+ + ap. 8 < a means §; < a; for all 1 <4 <n. In addition, C
denotes a generic positive (generally large) constant and A denotes a generic positive (generally
small) constant.

2 L? energy method for smooth perturbations

In this section, we consider the Cauchy problem of the equation (1.3) in the absence of sources
ou+ V- f(u)=APu, t>0, ze€R" (2.1)

for smooth flux function f(u) and with given initial data
u(0,2) = up(z), x€R™ (2.2)

We moreover introduce the operator v/ P by

VPulg) = ﬂiwa(f)

in order to state the main result of this section:

Theorem 2.1. Letn > 1 and N > 2[n/2] + 2. Then, there are constants eg > 0, A > 0 and
C such that for ||uo||lg~ < €y the Cauchy problem (2.1)-(2.2) admits a unique smooth solution
u(t,x) satisfying

t
lu(t) 2 + A / IVu(s) 21 ds

+ /\/O (IVVPu()|? + VYV Pu(s)[*)ds < Clluolf (2:3)

for any t > 0. Moreover, if ||ugl|zr is bounded, then the obtained solution u enjoys the time-
decay estimate
lu(®)]] < ClluollL2ar (1+1)7%. (2.4)
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Proof. Theorem 2.1 will be proven by continuing a unique local solution using a uniform a
priori estimate in the setting of small data. Recalling that the non-local term on right hand
side of (1.3) can be written as AK xu = —u+ K *u and K being the bounded, integrable Bessel
potential, the local existence of a unique smooth solution on a time interval [0, 7] for T > 0
follows from a standard fix-point argument, see e.g. [24]. Moreover, due to the construction of
the fix-point Banach space, we have

sup [[u(t)||lm~ <, (2.5)
0<t<T

for the constant 0 < e < 1 small enough, and u € C([0,7]; HY) is the unique solution to the
Cauchy problem (2.1)-(2.2) on [0, T].

In what follows, we show that in the setting of small data the norm ||u(t)| g~ is actually
subject to an energy estimate and, thus, non-increasing in time, which permits to continue the
solution u(t) globally. Notice that by Sobolev embeddings, it holds that

sup [[u(t) lwm.~ < Ce, (2.6)
0<t<

for any integer 0 <m < N — [n/2] — 1.

In the following two lemmas we are concerned with the energy estimates on solutions of
zero-order and high-order, respectively.

Lemma 2.1. Let u be the solution to the Cauchy problem (2.1)-(2.2) over [0,T]. Then it holds
that

: 67 e
sluOF+ [ a0k o (27)
forany0 <t <T.

Proof. The zero-order energy estimate gives

MWLW+ZE — (APuu).

It follows from the Plancherel theorem that

[
T

(APu,u) = (APu,7) = — / i@2de,
R

and also from the integration by part that
yw)agsd =~Ust) = 5500 = = [ | ["tss = sy00)] o =0
for each 1 < j < n. Then Lemma 2.1 is proved. O

Lemma 2.2. Let u be the solution to the Cauchy problem (2.1)-(2.2) over [0,T] which satisfies
(2.5). Then, for any 1 < k < N, it holds that

k 2 |£‘2+2k -~ 2 2
33 2 ChloruP+ [ SomamPie<ce ¥ Ovranit. @)

la|=k 1<m<N

for any 0 <t < T, where Céf:% =k fora=(a,a0,-,0).

alas!--ay,!

Proof. Fix k with 1 < k < N. The high-order energy estimate gives

th Z ChHIO“u®)|* + > > Cr0e,0°f;(w),0%u) = > CE(AI* Pu, 0°u).

lor|=k i=1|a|=k o=k
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Similarly before, it follows from the Plancherel theorem that

|§|2+2k

fe} le% 52 . o~ ~
S chaoruorn == 3 b [ il = - [ et

lal=k la|=k

where we used the identity (67 +&3 +--- +&2)F = S CReF* €52 ... £2%n. Then, one has

la|=k
LS e+ [ aprac= 30 3 ok, 29)
2dt * re 1+ [€]2 e '

|a|=k i=1 |a|=k

where

Lo = (0:,0 fj(u), —0%u).

Next, we estimate I; o for a fixed j with 1 < j < n and |a| = k. From the Taylor expansion
fi(u) = £;(0) + £;(0)u + Fj(u)u?

with L

Fy(u) = / (1— 6) 7 (Bu)do,

0
it holds that
Ijon = f;(O)(@mj 0%u, —0%u) + (0, 0“[F} (u)u?], —0%u),

where the first term vanishes from the integration by part. Let 8 = a + e; with e; =
(0,---,0,1,0,---,0), and then it further holds that

I o = (0y,0%[F; (u)u2], —0%u)

= YOG (0" F(w)d*ud%u, %), (2.10)
B1+B2+Ps=p
ﬁ = Al A2 A‘n’ i = ... . p—
where €, 5,5, = C(%lﬁzlwé)c(vfw%m?)"'C(WIW&W;) with 3 = (A1, A2,---, An) and f; =

(7'}77127 77;”)7 i = 17273'
For the later use, let us give a complete proof for the estimates on I, , as follows.

Claim:
Lia<Ce Y [[V™ul®. (2.11)

1<m<N
Proof of Claim: We prove (2.11) by two cases.
Case 1: 1 =0.

Subcase 1.1: P = B or f3 = (. In this case, without loss of generality, one can suppose
B2 =0 and B3 = (. Then one has
(0% Fj (w) 07 ud%u, —90*u) = (Fj(u)udy,; 0% u, —0“u)
1 (63 1 (63
= §<Fj(u)8wju, (0%u)?) + §<F]’(u)u81]u, (0%u)?)
< Cef|o*ul,

where (2.6) can be used since N — [n/2] —1 > [n/2] 4+ 1 > 1 by the assumption of Theorem 2.1.
Subcase 1.2: (o < 8 and B3 < (. In this case,

1<|Bs| <|a]=k<N, 1<|8s<|a|=k<N.

Moreover, since
B2 + B3] =k +1< N +1,
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and the symmetry of B2 and (33, one can suppose |B2| < N/2 for even N, and |32 < (N +1)/2
for odd N. We only consider the case of even N since for odd N, N > 2[n/2] + 2 implies
N > 2[n/2] + 3 and thus the estimates can be similarly made. Therefore, it holds that
(091 Fj(w) 0™ udP3u, —0%u) = (F;(u)0?2ud™u, —0%u)
< [1Ej (u) [z 072 u]| o 0%l - [0 ul
< Cello®ul®> + Ce Y V™l
1<m<N
where (2.6) can be still used since |G3] < N/2 < N — [n/2] — 1, and also |82 > 1,|83] > 1 were
used.
Case 2. |B1] > 1. In this case, |G| < k and |B5] < k. One can write
(051 Fj (u)0™2udPu, —9%u) = ([0% Fj(u) — F]{(u)ﬁﬁlu}aﬁ2u353’u, —0%u)
+(F) (u) 0" udPud s u, —0%u). (2.12)

For the second term on the r.h.s. of (2.12), one can estimate it as in the Case 1 by considering
B1 =08 =a+e; and ;1 < B3, and hence it holds that

(1 ()0 ud*ud®u, —0™u) < Celloul? + Ce S [V™ul.
1<m<N

On the other hand, for the first term, one can suppose |51] > 2 since it vanishes for |51] = 1.
Notice that

[B1] m
P Fy(u) - Fi(w)d"u=Y F™w Y Oy [[07 0
m=2 /=1

M+t rm=5
Ye>1,1<<m
which by (2.6) gives
0% Fj(u) — Fj(w)d®u| < Ce > [V™ul.
1<m<|B|—1
Then, one has
([0 Fj(u) — F;(u)ﬁﬁlu]aﬁguﬁmu, —0%) < Ce Z / V™| - [0%2u] - |0%u| - |0%u|dx
1<m< -1

< Celloul* +Ce Y [V™ul?,

1<m<N

where (2.6) can be used again since |81]| + |2 + [83] < N + 1 and || > 2 imply that at most
one of the following inequality holds

\51|*12N*[§}*1, IﬁzlzN—[%}—l, |53|2N—[g}—1.

Therefore, combining Case 1 and Case 2, (2.11) follows.

It follows from the above estimates that
D) Calia<Ce > V™l
i=1|al=k 1<m<N
which together with (2.9) gives (2.8). This completes the proof of Lemma 2.2. O

To obtain the time-decay rate of solutions, we need the following two lemmas about the
estimates of solutions in L' and the interpolation inequality for the low-order.
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Lemma 2.3. Let u be the solution to the Cauchy problem (2.1)-(2.2) over [0,T]. If ||uollp1 s
bounded, then it holds that

[u®)l[zr < fluollz (2.13)
forany0 <t <T.

Proof. Let ¢ be the standard mollifier and ps(z) = +¢(Z%) for § > 0. Furthermore, let sgn be
the sign function over R and its mollified function sgns; = s * sgn for 6 > 0. Multiplying (2.1)
by sgngs(u) and taking integration over R™, one has

d u
%/ / sgng(n)dndz +/ sgns(w)V - f(u)dz +/ sgn(u)VPu - Vudr = 0. (2.14)
n O R‘Il ]RTL
Notice that

sgns () - f(u) = V - [sgns () (F(u) — F(0))
V. [ / s () (F(n) — f(O))dn} .

Thus the second term on the Lh.s. of (2.14) vanishes, and hence one has

d u
%/ / sgng(n)dndz +/ sgnj(u)VPu - Vudz = 0. (2.15)

Now, (2.13) follows from (2.15) by taking time integration over [0,¢] for any 0 < ¢t < T and
passing to the limit 6 — 0, see [15] for the details. This completes the proof of Lemma 2.3. 0O

Lemma 2.4 (interpolation inequality). Let n > 1. It holds that

2 ’Vl
/ 1+|§|2|u|2d€ C(/]R 1J|f|,5|2|172d5) a7 (2.16)

for some constant C.

Proof. For R > 0 to be chosen we split the integral fRn = f‘ng + f|€|<R and estimate

' i L | €, o |
—|ul“d¢ < — ul“dé + ||ull4
/Rnl+|s|2" 2l sl L |<Rl+\s|2§

A n
< 2 +CBR
where
a= [ P8 pd B =l 2.17)
re 14 [€]2
Hence, (2.16) follows by choosing R such that A/B = CR"*2, O

Continuation of the Proof of Theorem 2.1: As mentioned before, for the global existence of
solutions, we only have to obtain the uniform a priori estimates under the assumption (2.5).
In fact, notice that

2062 o 2f¢[2HH [ A S T 13 e W [ e
+ = + + +
T+[eR &1+ T 1+[eP ( ) 1+ ¢

L+ ¢ 1+ (€2
[
+) L+
k=1

|§|2+2N

1+ [

EENTE
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Thus, adding up (2.7) and (2.8) over 1 < k < N gives

k|| o 2 2k 2 |£|2 |§|2+2N ~|2
5303 chloratnl +Z/ eapa+ [ (T84 ) e

k<N |a|=k

<Ce 3 IVTu®).

1<m<N
By noticing
> v <o Y[ jekmiapas
1<m<N 1<m<N
and taking e > 0 small such that Ce < 1/2, then it follows that
&3S ol + Z/ P+ [ <1 f'ép ; 'fﬁ;i) jal2de < 0.

E<N |a|=k
One can take the further time integration and use the following equivalent relations
oD Callou@)P ~ )i
k<N |a|=k

and

EPm ~ Y (i€

la|=m

for any integer m. Therefore, (2.3) follows for any 0 < ¢t < T', which gives the uniform a priori
estimates and hence the global existence is proven.

To obtain the decay rates, let us suppose that ||ug| 1 is bounded in the sequel. Take a > 0
to be determined later and then it follows from (2.7) that

t 2 t
(1+t)“||u(t)H2+2/O /n(1+s)“1_|f|5|2|172d5ds§ I\uou2+a/0 /Rn(1+s)a*1|a|2dgds. (2.18)

To estimate the r.h.s. integral term of (2.18), one can write it as

[=1+1I,. (2.19)

I :a/t/ (1+s)2t €1 [u|?déds
0 Jrn 1+ |§|2 ’

t
Izza/ / (1+ )" ——ul*déds.
0o JR» |§|
For I, we claim that

o £?
Il<77/ /n1+s N |2| |2d§d5+0m
for any 1 > 0, where Cj,, > 1. In fact, if 0 < a < 1, it holds that

I1</t/ ‘§|2 | |2d£d < ” 0”
~Jo Jre 1+ [E? 2

by using (2.18) for the case of a = 0. On the other hand, if a > 1, it follows from the Young
inequality (a —1)/a + 1/a =1 that

L gn/t/ (14 5)* €I? |172d§d5+0m,/t/ €? |2 déds,
0 Jrn L+ ¢ "o Jre 1€

with

Juol|?, (2.20)
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for any 1 > 0. Thus (2.20) follows again by using (2.18) for a = 0. For I, it holds that
t n 2
I < c/ (1+s)* L An+z B2 ds
0
t

t
< 17/ (1+5)*"Ads+C,, | (1 +3)a_%Bds
0 0

¢ ¢
< n/ (1+ 8)"Ads + Cy.p||uol|2: / (1+s)* 2" 1ds
0 0

¢ 2

< n/ / (1+5)° <l |Gld€ds + Caplluol|7: (1 +)" 2, (2.21)
o Jrn 1+ [¢? ’

where we used the same notation (2.17) for A and B, and also we used Lemma 2.4, Lemma

2.3 and the Young inequality n/(n + 2) +2/(n + 2) = 1, and a > n/2 was chosen. Therefore,

putting (2.20) and (2.21) into (2.19) together with (2.18), one has

|17
L+ [¢?

t
(146 u(®)]? + A / / (1+5)" [@2deds < Clluol2s + Clluoll2: (1 + 1)~

for a > n/2 and any t > 0. Then (2.4) follows. This completes the proof of Theorem 2.1. O

3 Stability of smooth planar rarefaction waves in dimen-
sions n > 2

In this section, we still consider the Cauchy problem of the equation (1.3) without sources:
ou+ V- f(u)=APu, t>0, ze€R" (3.1)

As we are interested in planar rarefaction waves, we shall additionally suppose the condition
that the first component of the flux fi(-) is uniformly convex over R, i.e., there is x > 0 such
that

V(u) > 2k >0 (3.2)
for any u € R, and that the solution is subject to initial data
u(0,2) = up(x), = e€R”, (3.3)
where ug may have the different end states at infinity along the z-direction:
uo(x) — ugr as xp — Foo.
Throughout this section, we are interested in the case when u_ < wy. In this case, it is

well-known (see e.g. [22, 11]) that there exists the 1-D smoothed rarefaction wave ¢(t, z1) which
is determined by

Oy + O, f1(0) = (1 — 02,)7102 ¢,
d(t,x1) — ugr as xq — Foo,
¢£1(t71‘1) Z 07 u— < U4,

Moreover, ¢(t,z1) enjoys the following time-decay estimates.
Proposition 3.1 (see [22, 11]). Let 1 < p < oo and integer k > 1. Then it holds that
25, 6(0)lr < Clug —u-|(1+6)" 2% log(2 + 1),

for anyt > 0.
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The goal of this section is to prove the stability of the above 1-D smoothed rarefaction
wave and further obtain the rate of convergence of solutions to it by using the energy method
developed in Section 2. For this purpose, let us set the perturbation v by

u(t,z) = v(t,z) + (t, x1).
The Cauchy problem (3.1)-(3.3) is reformulated as

v+ V- [flo+v)— f(@))=APv, t>0, z€R", (3.4)
v(0,7) = vo(z), = €R™ (3.5)

The main result of this section improves the previous stability results for dimensions up to
n =5 [15, 11, 12] by providing a unified proof for all dimensions n > 2.

Theorem 3.1. Letn > 2, N > 2[n/2]+2, and § = |ug —u_| with u_ < uy. Assume that the
first component of the flux fi is strictly convex as in (3.2). Then, there are constants eg > 0,
A > 0 and C such that if ||vol| g~ + 0 < € then the Cauchy problem (3.4)-(3.5) admits a unique
smooth solution v(t,x) satisfying

t t
@B +3 Y [ [ b tmlobots, o) Pasds + 0 [ 190(6) s

k<N

+ /\/0 (IVVPu(s)|* + VYV Po(s)[?)ds < O(|lwollFw +6%), (3.6)

foranyt > 0. Moreover, if ||[vo||L: is bounded, then the obtained solution v enjoys the time-decay
estimate

[o(@®)[l < Cllvoll L2z (1+1)7%. (3.7)

Proof. Similar to section 2, the existence of local smooth solutions follows by standard argu-
ments, and we are left to give a proof of (3.6) and (3.7) for solutions satisfying

sup [lo(t)[ s < e, Juy —u_| <3,
0<t<T

for constants 0 < e < 1 and 0 < § < 1 small enough, where v(¢) is the solution to the Cauchy
problem (3.4)-(3.5) over [0,7] for T' > 0.

Step 1. The first step of the energy method is to obtain the zero-order estimate:

€
w14 [€]?

1d
—llv

2 dt [0(t)[*de < 0. (3.8)

OF + [ ool |

In fact, as before, the energy integration gives

Ld

S ZI@I + (V- [£(8+v) - f(6)]v) = (APv,v).

We only have to consider the term related to f. One has the following identity
V- lf(@+v) = f(@)lv=V" {[f(¢ +v) = f(P)]v - /0 [f(o+m)— f(¢)]dn}
+ [ 16+ Fi(@dno (),
0

where the uniform convexity of f;(-) implies

/0 S+ m) — £ (@)dn 2 ol
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Thus the nonnegativity of ¢, (¢,21) gives

(- [0+ 0) = F@)0) 2 5 [ on(tnlolde

Hence (3.8) is proved.
Step 2. The second step of the energy method is to obtain the estimates for the high-order:

1d 242k
53 O Calomel? +x - Ch /R ¢m1(t,x1)|8av(t)\2da:+/w H el

|a|=k |a|=k

2

<Cle+d) S ||va(t)||2+CZ/Rn Gu. (1, 20) [V 0(D) 2z + —C0 . (3.9)

1<m<k m<k (1 +t)0

for 1 < k < N for some constant ¢ > 1. In fact, similarly as before, one has

1d ‘€|2+2k . n
S Chllo%v(t)] + |0(t)[*d¢ = Chljas (3.10)
2dt§;} t4n1+§P Z%E;: !
where
Ijo = —(0:,;0%[fj (¢ +v) — fi()],0%). (3.11)

Putting the identity

1
(6 +0) — £5(6) = (@) + /0 (1= 0)F(6 + Ov)dbw?

into (3.11), one has
Ljo=1Ijo+ 17, (3.12)
with
I}, = —(0:,0°[f}(@)0], 07),
2, =- <6wjaa </01(1 0o+ Qv)d9v2) ,a%>.

Next, we give the estimates on j{a and I]%a similarly as before.
Estimate on I ]1a We claim that
I, < fmslj/ G, [0°0|*dz + C Y / G, V0P + C5 D / IV™0|2dz,  (3.13)
R™ m<k /R" 1<m<k’R"

where d;; denotes the Kronecker Delta symbol.

In fact, from the integration by part, I J{Q can be further written as

I}, = (0°[f}($)v], 8z,0%0)
= ([(9)0°0,05,070) + 3 _(0°7" [}(#)0"v, 0, 0%0)
B<a
=L+ 1. (3.14)
Here, from the uniform convexity of fi(:) and nonnegativity of ¢, , one has

I = 2 (02, £(9), (0°0)%) = — 500 f} (D), (0°0)?)

—K01; / bu, |0%v]*dux. (3.15)
Rn

IN
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On the other hand, for I ;3 , it holds that
I3 = =015 > (0% P f](6)br, 0%0,0%0) = Y (07 £1(6)0° 0,0, 0%0),
B<a f<a
where one further has

—01; > (0P f1 ()2, 070, 0%0) < C Y /R b2, (10%0)2 + |0%|?)dz

B<a B<a

<C> i b, V™02 da + C§ i |VFo|2d,

m<k

and

SO 000,007 <C Y [ (0 (0)](0%0,, 0 + 0%
Rn

B<a B<a
<Cs Y / V™) dz.
1<m<k’/R"
Here we used
|62i| < 8, [0°7P[1(9)] < C8, (3.16)

since 8 < a implies that the Lh.s. of (3.16) takes zero or contains the derivatives of ¢(t,z1).
Therefore, for I ]102” it holds that

I;jch/ o, V™0 Pdx + C5 Y / V™[ d. (3.17)
m<k/R" 1<m<k /R"

Then, (3.13) follows from (3.15) and (3.17) together with (3.14).

Estimate on Ij%a, This estimates contain the key argument of the proof to control the transversal
directions of the x-directed rarefraction wave ¢(t, ). Similar to (2.10), I?_, can be written as

) 7,
2 = 15
Ij’a o Z 0517527,83151752753a
ﬁl+ﬁ2+ﬁ3:ﬁ
with )
13,8285 = <8‘31 ( / 1-0)f](o+ Gv)d0> 9700, —a%> :
0
where 3 = a + e; with |af =k and 1 <k < N. We claim that

C62
(1+t)’

B, <Cle+d) 3 /R V™ o(t) P +

1<m<N

(3.18)

for some constant 2 > o > 1. In fact, when 8; = 0, I3, g, 3, is bounded similarly to before
by the first term of the r.h.s. of (3.18). The main trouble lies in the case of |31| > 1 since ¢
depends only on x; and thus it is not integrable over R™ with n > 2. However, these bad terms
have good time-decay estimates. Next, we consider the case of |81 > 1. If |B2] > 1 or |B3] > 1
which leads to |41 < N, then Ig, 3, g, is still bounded by the first term of the r.h.s. of (3.18)
from the Sobolev inequality. Therefore, we are left the case 5y = a+¢; and B = B3 = 0, for
which one can compute

1
I, e = <6xj6°‘ ( | a-oe- 9v>d9) —a%>
1
= 6, <aa (/ (1—0)fP (¢ + 6v)do (bwl(t,a:l)) 2, —a%>
0

+ <aa </01(1 —0) 1 (¢ + 6v)0do awjv) 2, —a%> . (3.19)
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For the second term on the r.h.s. of (3.19), it can be rewritten as follows:

<aa (/01(1 —0) £ (6 + 00)0d0 axjv> =3 —a%>
- << /0 1(1 ~0) /P o+ 011)9d0> 2(8,,0%0)0?, —a%>
+Y e <aa—v ( /O ‘1o 96+ 911)9d0> (D0, 0002, —a%>

<«

_ % <an (/01(1 —0) £ (¢ + 6v)0do 112> ,(aav)2>

+ Z cy <aa—7 (/1(1 — 9)f}3)(¢ + 91})9619) ((9%-8%)@2, —8%> ,
0

<«

which is again bounded by the first term of the r.h.s. of (3.18) from the Sobolev inequality
since 1 < |a] = k < N. For the first term on the r.h.s. of (3.19), if 9* contains transversal
x¢-derivative for some 2 < ¢ < n, it is also bounded by the first term of the r.h.s. of (3.18)

similarly, and hence we only have to consider the case of 0% = &‘ffl to obtain the estimates on

1
o1y <6!§1 ( / (1= 0)F (6 + v)do mt,xl)) —6%> :
0

The above term can be written as
1
s (2 { [ =056 + 00106, 020 | o -0
0
1
+61; <a’;11 {/ (1—0) (6 + 00)db ¢, (2, xl)} v2, a%>
0

1
+61; <a’;11 {/ (1—0) £ (6 + 6v)0d6 6., (1, xl)amlv} v2, a%> ,
0

where the third term is bounded by the first term of the r.h.s. of (3.18), and the sum of the
first and second terms is bounded by

C/ |0“v|2dx

ot [ Ry oo, 1, 1)

2
lv|2dx

+C

R n
2

1
o f lo { [a-0P0+ ewd%m(t,m)} jol?da
R 0

2
SC’e/ |0%v|?dx + (16:(1)0_/ |v|dz,

by using Proposition 3.1, for 2 > ¢ > 1. Thus, (3.18) holds for the case of 9% = 83‘0014. Collecting
the estimates for all cases, (3.18) is proved.

Therefore, from (3.12), putting the estimates (3.13) and (3.18) into (3.10) yields (3.9).

Step 3. The linear combination of the energy estimates (3.8) for the zero-order and (3.9) for
the high-order gives the uniform energy inequality (3.6) after taking time integrations. In fact,
one can first take a suitable linear combination of (3.9) for 1 < k < N so that the second terms
on the r.h.s. of (3.9) are dominated by the second terms on the Lh.s. for all orders m < k,
except for m = 0 and the r.h.s. takes the form

C62
(1+t)’

Cle+s) > vav(t)||2+C/Rn¢m1(t,x1)|v(t)|2dx+

1<m<N
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for 2 > o0 > 1. The obtained energy inequality can further be made the proper linear combina-
tion with (3.8) so that one has

Cs?

aro (3.20)

L e(u(t) + XD) < Cle+5) Y V™0 +
1<m<N

for 2 > o > 1, where £(v(t)) and D(v(t)) are the equivalent energy functional and dissipation
rate, respectively, which as in the proof Theorem 2.1 take

E((t) = [lv@®)F~.
Dw(t)) =Y | du(t,21)|0"0(t,2)de

k<N VR"
+VVPu(#)|? + Vo) |5 n -1 + VYTV Po()|2.

Thus, the first term on the r.h.s. of (3.20) is absorbed by the dissipation D(v(t)) since €, are
small enough. Then, the time integration of (3.20) gives (3.6) since 2 > o > 1. This completes
the proof of the uniform a priori estimates and hence the global existence.

Step 4. To the end, let ||vg||rr be bounded. Notice that (3.4) can be rewritten as
o+ V- [f(6+) — () — VPu] =0,
which is in the form of the conservation. Thus the same argument as in Lemma 2.3 leads to

lo@)lzr < llvollzr,

for any ¢t > 0. Hence, (3.7) follows from the zero-order estimate (3.8) by using the completely
same proof as for (2.4). This completes the proof of Theorem 3.1. O

4 Time-periodic solutions
In this section, we consider the time-periodic problem of
ou+ V- flu)=APu+S, teR, zeR" (4.1)

where S = S(t, ) is time-periodic in time with period T" > 0. We will prove the existence and
stability of the time-periodic solutions under some conditions. Without loss of generality, we
suppose

fi(0) = fi(0) =0, 1<i<n (4.2)
Otherwise, one can take change of variables
EZ t, i’z =T; — f/(O)t,

and denote f () by
fw) = f(u) = f(0) = f'(0)u,

so that the form of (4.1) remains unchanged but (4.2) still holds for f. In what follows, for
simplicity we use Cpe,([0,T]; HY) to denote the Banach space of functions which are time-
periodic with period T and have weak derivatives up to N-order, and we also define the triple
norm || - [l by

per

per

lullezy, = sup [Ju(@)]l g~
0<t<T

for any u € Cpe, ([0, T]; HY).
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4.1 Existence of time-periodic solutions
The main result of this subsection is stated as follows.

Theorem 4.1. Let T >0, n > 5 and N > 2[n/2]+2 be given, and let (4.2) hold. Suppose that
S = S(t,x) is time-periodic with period T. Then, there are 6 > 0, ¢ > 0 such that if

sup |[|S(s)l|gv+inm <6, (4.3)
0<t<T

then the equation (4.1) admits a unique solution w.(t,x) € Cper([0,T]; HN) with
lusllmy, <e. (4.4)

From now on we devote ourselves to the proof of Theorem 4.1. We first consider the Cauchy
problem on the linearised equation:

Ou—APu=0, t>0, zcR" (4.5)
u(0,z) = ug(z), =€ R™
Let us formally denote the solution to the Cauchy problem (4.5)-(4.6) by
u(t) = eAFPlug.

One has the following lemma about the time-decay estimates on the linear solution semigroup
APt
e~

Lemma 4.1. Let k > 0 and n > 1 be integers and 1 < p < 2. Then, it holds that

1

IVEeAPhug ) < O(1+ )5G35 (Jlugl| o + [ VFuol), (4.7)
for any t > 0.
Proof. In fact, let us denote u(t) = e2P*ug, and then it follows from (4.5)-(4.6) that

__le®
u(t) = e IEF Q.

Thus for k > 0, it holds that
_2e?
IVFuP <0 [ PP < [ jePte T e
R R

From the usual proof by dividing the integration domain by {|¢| < 1} U{|¢| > 1} and using the
Hoélder and Young inequalities, one has

7ﬁ ~ _n_ n—2k
/ €% e =P @ Pde < C(L+)75 5 uoll7s + Ce ™ [VFuol |,
Rn

for some constant v > 0 and for any ¢ > 0 and 1 < p < 2. Then (4.7) holds from the above
estimate. This completes the proof of Lemma 4.1. O

Next, we extend Lemma 4.1 to the case of the linear equation with variable coefficients for
later use. Precisely, we will use the energy-spectrum method to obtain the time-decay estimates
on the linear solution operator A, (t,s), —oo < s < t < oo for fixed v which is small in some
Sobolev space. Here, A,(t,s) is defined in the way that for any uy € H A,(t,s)uo is the
solution to the Cauchy problem

Ou+ Y fi(0)ug, = APu, t> sz €R", (4.8)
j=1

Uli=s = up, = €R", (4.9)

where v € Cy(Ry; HY) is given, and £ > 0 is an integer. It should be pointed out that if v = 0,
the linear solution operator A, (t, s) reduces to e*F(=*) due to the assumption (4.2). One has

the following
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Lemma 4.2. Letn >3 and £ > 2[n/2] + 2. There is €y > 0 small enough such that if
vl Loe ey < €es (4.10)

then it holds that
1A (£, s)uoll e < Cule)(1+1 =) 7 ||luollgenre, (4.11)
for any —o0 < s <t < oo and any ug € H' N L, where C.(-) is a non-negative and non-

increasing function in the argument.

Proof. Fix v with (4.10) holding for small ¢, > 0. Without loss of generality one can suppose
s = 0. Let u(t,z) = A,(t,0)ug be the solution to the Cauchy problem (4.8)-(4.9) for brevity.
Similarly as before, from (4.8)-(4.9), for each 1 < k < ¢, one has the high-order energy estimate

2dt Z Callou®+ /n 1+|£\2| Ofde = . Z O], 0%,

lal=k lal=k j=1

where the general term on the r.h.s. can be rewritten as

(=0} (), ], 0%u) = (= £} (0)0%ua,, 0%u) + Y C{(=0"Pf}(0)0 Uz, 0%).  (4.12)

B<a

For the first term on the r.h.s. of (4.12), it follows from integration by part and (4.10) that

(—f(0)0%us,, 0%u) = =

S W), (0°w)?) < Cllua, = 0%ul® < Cerllorul

J

For the general one of the second term on the r.h.s. of (4.12), one can use the Sobolev inequality
and (4.10) to estimate

(=0 £1(0)0%uy,., %) | < (0% f5(0) 2 10, o 0%l 1.
< ClIVollge-r [[Vul e ]|0%u]
< Ceo|Vull3e-
for the case when |3] < ¢ — [n/2] — 2 which implies |G| + 1+ [n/2] + 1 < ¢, and

(=00 f1(0)0ug,;, 0%w)| < [10°77 f(v)l| o0 107 ug, || 2210wl 2
< C|Voll e 1107ua, || 2210wl 2
< Ceo|| Vull3ye

for the case when || > ¢ — [n/2] — 1 which together with 8 < a gives 1 < |a — 3] < [n/2] +1
Then, from the above estimates, one has

LS crjorum)? + / S Gpde <o Y vl (413
Ld 7 < Ce uWplf (@13)

2
loo|=k -1+ [E] 1<m<e

for t > 0.

Next, we combine the above energy inequalities with the spectral analysis result Lemma 4.1
to obtain the time-decay of u. In fact, by taking the proper linear combination over 1 < k </
and using the smallness of €, it follows from (4.13) that there exists the high-order energy
functional Ep;gn (u(t)) which is equivalent with |[Vu(t)|| ge-1 such that one has

%&n‘gh(U(t)) + Anign(u(t)) < C|[Vu(t)|? (4.14)

for any ¢t > 0. Since u can be written as

t n
u(t) = APty +/ AP L ST ), b ds, (4.15)
0 j=1
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it follows from Lemma 4.1 that

n t
IVu(t)|| < Clluoll i 1+~ 52+ 3 C / (14t =8) 52| £ (0)ta, | npr ds
j=1 0
t

< Clluo|| g (L+4) 7577 + C'eg/ (1+1t—8) 57| Vul g ds. (4.16)
0

Define

M(t) = sup (1+ s)%HShigh(u(s)).
0<s<t

Since n > 3 implies n/4 4 1/2 > 1, it follows from (4.16) that
IVu®l < 1+ 674 (luollmnes + e/ M@)) -

Plugging the above inequality into (4.14) and using the Gronwall inequality, one has

t
i (V) < ¢ Epgn(u0) + € [ N Tu(s)|ds
0

< CA+)7 27 (JluolFrenps + M (1)),
which implies that

M(t) < O (luollFrenps + 7 M(1)) -
Since €, > 0 is small, it follows that

M(t) < Clluol|Fens

that is, .
IVu(t) || re-2 < CEign(ult)) < Clluollenrr (1+1)7472 (4.17)

for any ¢ > 0. To obtain the time-decay of zero-order, one again uses (4.15) to get

t
lu)ll < Clluollzznrs (1 +1) 7% + 064/ (L4t =) %[[Vu(s)|ds,
0

which further from (4.17) gives
lu)ll < Clluollrenrs (1 +1)~% (4.18)

due to n > 3. Therefore, (4.11) follows from (4.17) together with (4.18). This completes the
proof of Lemma 4.2. O

Proof of Theorem 4.1: Suppose all conditions in Theorem 4.1 hold. Let us define the function
sequence {u™}°_, by iteration as follows:

O™+ fr(umuptt = APum T 4+ S, te R,z € R,
j=1

where u® = 0 and S = S(t,z) € Cper([0,T); HNT1). We claim that if (4.3) holds for some small
constant ¢ > 0, then for each m > 1, u™ is well-defined and satisfies

(i) u™ € Cper ([0, T); HN*1);
(ii) there is ey41 > 0 such that for all m,

™ N2 < envsa (4.19)

We prove this claim by induction. In fact, suppose that (i) and (ii) hold for m > 0. As in [38],
u™*! can be written as the mild form

u™t(t) = /_ Aym(t,s)S(s)ds.
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Then, the periodicity of u™*! is proved by the computations
t+T
um+1(t—|—T):/ Aym (t+T,8)S(s)ds
—00

t
:/ Am(t+T,7+T)S(T+T)dr

_ / A (t7) S() dr = u (1),

where the second equality follows from taking change of variable s = 7 + T, and the third
equality holds since S is T-periodic and we used

Aum (t + T, T + T) = Aum (t, T)

due to the fact that u™ is also T-periodic. On the other hand, from Lemma 4.2 and the
assumption n > 5, one has

t
™ () || v g/ Culen+1)(1+t—5) 5 [[S(s)| avinLrds

—00
t

< Culensr) sup [1SO)lmwsinm / (1+1—s) %ds
0<t<T

— 00

< OCi(ent1) sup [|S(H)||gv+inpe,
0<t<T

where C,(+) is defined in (4.11) and ex41 > 0 is sufficiently small such that Lemma 4.2 can be
applied. Thus, from (4.3), one can take § > 0 small such that

CC* (6N+1)5 S EN+1-

m—+1

This leads to the uniform bound of u as follows

™ g = sup [Ju™FH(E)[|aver < envr
0<t<T

Therefore, (i) and (ii) also hold for m + 1. By induction, (i) and (ii) hold for all m > 1.
Next, let us define the infinite summation

00 k
w+ ) (= um) =u® 4 lim Y (™). (4.20)

k—oo
m=0 m=0

We further claim that the above infinite summation is absolutely convergent in Cpe..([0, T]; HY).
Actually, the difference w = u™*! — u™ satisfies the equation

n

Oyw + Z (™ w,, = APw — Z[fj'(um) - f;(um_l)]u;’;,
j=1

j=1
for any t € R and « € R™. Thus w also satisfies the following mild form

n

w(t) = ‘/_ Ay (t,s) 4 — Z[fjl(um) - f]/(um—l)]ugz ds.

Jj=1

Similarly as before, it follows from Lemma 4.2 that

nooat
[w®)la~y < Z/ Culen)(L+t =) T[f7(u™) = fi(u™ D]ug | gvids
j=177%

t
< CC,(ensa) / (Lt — &) ™ — ™ g ™| v ds

— 00

< CCu(env1)llu™ = u™ iy, I s,

per
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which from (4.19) implies

lwllmy, < CC(ensr)enrallu™ —u™ gy, -

Since § can be arbitrarily small and so is ey 41, there is g < 1 such that

m+1 _

fles uay, = lwllay, < pllu™ =™ Hay, - (4.21)

per per

Therefore, the infinite summation given by (4.20) is indeed absolutely convergent in the Banach
space Cper([0,T); HV). Let us denote the corresponding limit by u.(t,x). Then,

Uy € Cper([0,T); HY)

holds with

iy, < liminf u™l sy < lminf a0 < ever.
o0 m— 00 per

per m— per

Furthermore, by passing to the limit, u, satisfies the equation

du+ Y fi(uus, = APu+ S, teR,zeR"
j=1

Hence, the equation (4.1) admits a solution u. in Cpe, ([0, T]; HV) satisfying (4.4). For unique-
ness, suppose that . is any other solution in Cpe,-([0, T]; H) to (4.1) with (4.4) holding instead
for @,. Then, the completely same proof as for (4.21) yields

lus =l < pllus =l

per per
for some p < 1. Thus the uniqueness follows. This completes the proof of Theorem 4.1.

Let us conclude this subsection with a remark to point out how to extend Theorem 4.1 to
the case of the usual viscous conservation laws with a conservative time-periodic source. The
corresponding result turns out to hold even when the spatial dimension n > 3. To be precise,
let us consider

Ou+V-fluy=Au+V- -G, teRzeR", (4.22)

where f satisfies (4.2) and G is T-periodic. It can be shown that if n > 3, N > 2[n/2] 4 2 are
supposed, and

T
/0 1G(5) |35 1padls

is small, then (4.22) admits a unique time-periodic solution uP¢" (¢, z) satisfying
T
luP*"[I* = sup_[[u?®" (t)[|7~ +/ VP (s) | 3w ds < C. (4.23)
0<t<T 0
For the proof, as in [38, 10], the idea is to verify the nonlinear mapping
t
W(u) = / A=Y [ f(u) + Clds (4.24)

satisfies the fixed point theorem in terms of the triple norm || - || defined in (4.23). The case
of 3 < n <4 can be dealt with because compared with the case of the weak dissipation term
APu, the viscosity term Awu produces one more derivative which is time-space integrable, and
also because the source term in (4.24) is in divergence form.
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4.2 Stability of time-periodic solutions

In this subsection, we are concerned with the stability of the time-periodic solution wu, (¢, x)
obtained in Theorem 4.1. For this, let us consider the Cauchy problem

Ou+ V- fu)=APu+S, t>ty, zeR" (4.25)
with given initial data
u(to, ) = uo(x), = €R", (4.26)

for tg € R. The goal of this subsection is to prove that whenever up(x) is a small smooth
perturbation of w.(tg, ), there exists a unique smooth solution u(t, z) to the Cauchy problem
(4.25)-(4.26) which is close to u.(t,x) for all the later time t > to and moreover, under the
additional condition that the initial perturbation is bounded in L!, the solution u(t, ) tends
to u, with an algebraic decaying rate when time tends to infinity.

Without loss of generality, we suppose tg = 0 in what follows. Set the perturbation v =
v(t, z) by

u(t, z) = us(t, z) + v(t, x),

and then the Cauchy problem (4.25)-(4.26) is reformulated as
O+ V- [f(ux +v) — f(ux)] = APv, t>0, ze€R" (4.27)
v(0,z) = vo(z) = up(x) — ux(0,z), = e€R™ (4.28)
The main result of this subsection is stated as follows.

Theorem 4.2. Let n > 3 and N > 2[n/2] 4+ 2 and let (4.2) hold. Suppose that u.(t,x) is a
time-periodic solution satisfying
sup [|u. ()| gvo <0 (4.29)
teR

for a small § > 0 and for N9 > N. There are constants €g > 0, A > 0 and C such that if
lvollg~ < €o then the Cauchy problem (4.27)-(4.28) admits a unique smooth solution v(t,x)
satisfying

t
o)l + A / IV0(3) | nrds
t
+ A/O (IVVPu(s)||? + VYTV Pu(s)||*)ds < Cllvoll%w, (4.30)

foranyt > 0. Moreover, if ||vo|| 1 is bounded, then the obtained solution u enjoys the time-decay
estimate
o)z~ < Cllvollavars (1 +6)74, (4.31)

for any t > 0.

Proof. The proof can be done similarly as before, and hence we only give the proof of the
uniform estimate (4.30) and the time-decay rate (4.31). To the end, suppose that

sup [lo(t)[|g~ <'e,
>0

for small € > 0, and (4.29) holds for small 6 > 0. We divide the proof by two steps.

Step 1. The zero-order energy estimate gives

1d (S
SO+ [ SRSl < Cle+ 8T (432)

In fact, the zero-order energy integration shows that

Ld, 62 e iege
3O+ [ e lPORdE = (V- [ +0) = Fun). o)
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By using the identity

filue +v) = flus) = fi(ue)v —I—/O (1= 0)f7 (us + Ov)dov?, (4.33)

and also f(0) = 0 for each 1 < j <n, one has

(- [F ) = fw)l =) <€ [ (] + o)l - (Voo

< Cll(uws, ) [£n [0 @) | 20,
< CE+ Vo),

Vo(t)|

where the Young inequality 1/n+ (n—2)/(2n)+1/2 = 1 and the Sobolev inequality were used.
Then (4.32) is proved.
The high-order energy estimates give

o>t + [ D popae<cern ¥ Owmor,  asy
2dt n - ’ '

2
loo|=k 1+1¢] 1<m<N

for each 1 < k < N. In fact, as before, it follows from (4.27) that

k [} 2 ‘§|2+2k ~2 _ - k1l 2
3 2 ChlooP+ [ Eiiae =30 3 T+ Bl (@39

la|=k i=1|a|=k

where I} take the form of

J,a Ja

Ijla = <a€rj o [fj/ (u*)v]a _aav>7

1
Ijza = <3Ij8“ </ (1—0)f7 (u. + 9v)d6’v2> ,80‘1;>.
0

By using (4.29) and the same proof as before, one has

< cs Z |Vm ||2

1<m<N

Lo,<Ce Y [VT™o@)?
1<m<N
which yield (4.35).
Therefore, (4.30) follows from taking the proper linear combination of (4.32) and (4.34),
further taking time integrations over [0,¢] and then using the smallness of € and 4.

Step 2. In this step, we prove the time-decay estimate (4.31). To the end, we suppose that
|lvollz: is bounded. (4.27) can be written as the mild form:

v(t) = 2Py + /t eAPET [ fuy) — fluw + v))ds.
0

Applying Lemma 4.1 about the time-decay estimates on the linear solution operator e***, one

has
[o@®)]l < C(1+)7% |lugl L2

+C/O (1+t—s5) "1 2(|Q(s) |1 +IVQ(s))ds, (4.36)

where @ is denoted by
Q= flus) = flux +v).
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It follows from (4.33) that
1Q(s)llr + [VQ(s)]| < Cle+0)[Vuls)]. (4.37)

On the other hand, from Step 1, one has

d

ZE@®) FAEW®) < Clle@)P, (4.38)

where E(v(t)) is an equivalent energy with ||v(¢)||g~. Now, we claim that (4.31) follows from
(4.36), (4.37) and (4.38). In fact, in [10], let us define

Exo(t) = sup (1 +5)2E(v(s)). (4.39)

0<s<t
Since n > 3 implies n/4 4+ 1/2 > 1, it follows from (4.36) and (4.37) that
@l < O+ 7% (Jvollz2nrr + (e +0)v/Exo (1)) (4.40)

Then using the Gronwall inequality for (4.38) and combing it with (4.40), one has

E(v(t)) < e ME(vy) + C/O e M) |y (s)||2ds

< C+ ) E(lvollZons: + E(vo) + (€ + %) € (1)),

for any t > 0, which further gives
Exo(t) < Cllvoll7znrr + E(vo) + (€2 + 6) € (t)).-
Since € and ¢ are small, it follows that
Exo(t) < CllwollTonsr + E(wo)),

which implies (4.31) from the definition (4.39). This completes the proof of Theorem 4.2. O
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