DUALITY- AND ENTROPY METHODS
FOR REVERSIBLE REACTION-DIFFUSION EQUATIONS
WITH DEGENERATE DIFFUSION

L. DESVILLETTES AND K. FELLNER

ABSTRACT. A combination of entropy- and duality-methods has been success-
fully used in the past to study existence and smoothness of reaction-diffusion
equations arising in reversible chemistry in many situations, but in general
under the requirement that the diffusion is non-degenerate (or at least that all
diffusion coefficients are strictly positive a.e.).

Here, we wish to describe how these methods also enable to treat reaction-
diffusion systems which are strongly degenerate in the sense that one or more
of the species do not diffuse at all.

1. INTRODUCTION

Reaction-Diffusion Systems for Reversible Chemistry. The evolution of a
mixture of diffusive species A;,i = 1,2,...,q, undergoing a reversible reaction of
the type

OélA1+"'+aqu4q‘iﬂ1«41+"'+ﬂq¢44, i, Bi €N
is modelled using mass-action kinetics (see [1, 7, 2, 3] for a derivation from basic
principles) in the following way:

q q
(1) Ora; — di Aga; = (Bi — ozi)(l H a;’ —k H afﬂ' > ,
Jj=1 j=1

where a; = a;(t,2) > 0 denotes the concentration at time ¢ and point x of the
species A; and d; > 0 are non-negative diffusion coefficients, which we shall assume
constant.

We suppose that 2 € €, where Q is a bounded domain of IRY (N > 1) with
sufficiently smooth boundary 99 (either 92 € C?+ for any a > 0 or 9Q € C* in
order to get C'* solutions), and complement system (1) by homogeneous Neumann
boundary conditions:

(2) n(x)-Vya;(t,z) =0, YVt >0, x€0Q,

where n(z) is the outer normal unit vector at point x of 9.

Moreover, after a suitable rescaling, it is possible to set [ = 1 (or equally k = 1)
and to consider a normalised domain €, i.e. || = 1.

The particular case A; + Ay = Az + Ay (that is, when ¢ = 4 with ag = ag =1,
B3 = B4 =1, a3 = a4 = 0, and B; = B2 = 0) has lately received a lot of
attention as a prototypical model system featuring quadratic nonlinearities, see
e.g. [11, 13, 5, 14, 15, 6, 16, 2, 3]. In order to further simplify the notation we
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choose k =1 (k # 1 works analogous with minor modifications). We thus consider
the particular case of system (1), which writes as

Oar — di Azar = azaq — aq as,

3 Oras — da Azag = azaq — aq as,
(3) Oraz — ds A = —

waz — dy Agaz = aj as — az ay,

Oray — dg Agay = ay az — agay,

together with the homogeneous Neumann boundary conditions (2).

It is proven that whenever dy, do, ds, d4s > 0, there exists a global smooth solution
for dimensions N = 1,2, see [9, 13, 5]. Those solutions decay exponentially fast
(with explicit rates of decay) when t — 400 towards the unique, positive, constant
equilibrium given in (8) below.

For the cases N > 2, one can prove [11] the existence of global weak (L? (log L)?)
solutions, which converge exponentially to the equilibrium in L2 [10]. In general, the
existence of smooth solutions in dimensions N > 2 constitutes an open problem. In
the case of the diffusion coefficients being sufficiently close to each other (depending
on the space dimension), global smooth solutions follow from an improved duality
argument in [5].

The aim of the present paper is to study the system (3)—(2) when at least one
of the constant diffusion coefficients d; is zero.
The paper is organized as follows.

Plan of the paper. We start in Section 2 by presenting the a priori bounds for
our system and by overviewing the analytical tools which are available.

In Section 3, we present results for the simpler system A; + Ay = Az discussing
the cases that a subset of diffusion coefficients {d, dz,ds} is zero.

Then, starting with Section 4, each of the following sections of this work is
devoted to cases in which a certain subset of {d, ds, d3, ds} is constituted of zeroes.
All possible cases are studied (up to symmetries), except the cases when all diffusion
coefficients d; are strictly positive (already treated in [11, 13, 5]) and when all the
d; are zero (the system is then only constituted of ODEs). Section 4 is concerned
with the case d; = 0, while the cases dy = do = 0 and d; = d3 = 0 are treated in
Section 5. Then, Section 6 is devoted to the situation when dy = dy = d3 = 0.

2. A PRIORI ESTIMATES AND ANALYTICAL TOOLS

2.1. A priori estimates and equilibrium. Two basic a priori estimates, coming
naturally out of the thermodynamics, can be written for this system.

(i) The conservation of the number of atoms implies (formally, that is for all
smooth solutions (a;);=1,.4 of (3) with Neumann condition (2)) that for all ¢ > 0,

Mg = [, (a1(t, ) + as(t, x)) dz = [, (a1(0,2) + a3(0, x)) dz,
) My = [ (a1(t, ) + as(t, x)) dz = [, (a1(0,2) + as(0, z)) dz,
Moz := [, (az(t, ) + as(t,z)) dz = [, (a2(0,2) + a3(0,z)) dz,
Moy = [, (az(t, ) + as(t,x)) de = [, (a2(0,2) + a4(0,z)) dz.

Note that only three of the above four conservation laws are linearly independent.
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(ii) Secondly, introducing the nonnegative entropy (free energy) functional F(a;)
and the entropy dissipation D((a;)i=1,...4) = — 5 E((a;)i=1,...4) associated to (3) :

(5) E(a;(t,z); Z/ (aZ (t,x)log(a;(t,z)) — a;(t,z) + 1) dx ,
6)  D(ai(t,x) 2/4(1 |Var/ai(t, )| da

+/(a1 as — a3 ay) log (a1 a2) (t,x)dz,
Q

ag a4

it is easy to verify that the following a priori estimate holds (still for smooth
solutions (a;)i=1,.4 of (3) with (2)) for all t >0

(7) E(a;i(t,x);=1,. / D(a;(s,x)i=1,.4)ds = E(a;(0,2)i=1,.4) .

Finally, observe that when at most one diffusion coefficient d; is equal to 0,
there exists a unique constant equilibrium state (a;oc)i=1,...4 (for which the en-
tropy dissipation vanishes). It is defined by the unique positive constants solving
@100 42,00 = 43,00 Q4,00 Provided a;j o +ap o0 = M;yi, for (5, k) € ({1,2},{3,4}), that
is:

(8) A1,00 = %7 43,00 = M3 — MI?MMM = Ml?\}[% ,
M3 M. Mia M MM
az)oo = % , a/4,00 — M14 _ 1?\/[ 14 — 1};\4 24 ,

where M denotes the total initial mass M = M3 + Moy = Mi4 + Mos.

2.2. Analytical tools. In the sequel, the following tools will systematically be
used:

— First, the entropy decay (7) estimate will be exploited as much as possible.
Being nonincreasing, the entropy functional will ensure that

(9) a; € L*([0, +o0[; Llog L(Y)) Vi=1,..,4.

Considering that in (7), the time integral of the entropy dissipation is bounded, its
first component will provide the estimate

(10)  a; € L*([0, +oo[; H*(Q)), Vi=1,..,4 provided that d; > 0.

Finally, the second component of the time integral of the entropy dissipation will
ensure that, provided az as € L}, ([0, +00[x(2), then a; az € Li, ([0, +o0[x) too.
This comes out of the following classical inequality (cf. [12]), which holds for any
K >1,

(11) a1 az < Kasag + 1 (a1 as — az aq) log (a1a2>.

log k as ay
Note that by letting « be as large as necessary, this inequality also allows to prove
that an approximating sequence af ay is (locally in time) weakly compact in L!
if the sequence af a is also weakly compact in L' (and when estimate (7) holds
uniformly with respect to n).
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— Secondly, we shall use the duality method as presented, for instance, by Pierre
and Schmitt [17], see also [18] and the references therein. This method ensures that
whenever some quantity w := u(t,x) > 0 satisfies (in the sense of distributions)

Ou — Ay [Mu] <0, Vtel0,T], z€Q,
(12) n - Vyu =0, YVt € [0,T], =z € 09,
u(0,-) € L3(),
where 0 < a < M(t,z) < b < +o0, then u lies in L?([0,T] x ).

We shall also use a variant of this estimate adapted to degenerate diffusions:

Whenever oy := aq (¢, z),. .., ap := ai(t,x) > 0 satisfy for some d; > 0
o (Shioi) -4, (Thdies) <0, WeT), weQ,
(13) n-Vya; =0, vt e[0,T], =z €09,

a;(0,-) € L3(Q),

then (X0, i) (8, di o) € LM([0,T) x Q), see [11].
Still another variant of this estimate is useful: If oy := 1 (¢, z), g := as(t,x) >
0 satisfy for some dy,ds > 0

d; (zle ai) ~A, (23:1 d; ai) <0, Vte|0,T], zeQ,
(14) n-Vya; =0, Vi e [0,T], =€ o,
Oéi(ov ) € LP(Q)7 p < +00,

and if oy € LP([0,T] x Q), then ag € LP([0,T] x Q) and vice versa, see [18].
— Thirdly, the above duality estimate (12) can be improved by the following

proposition from providing L2-bounds to estimates in higher LP-norms at the cost
of an additional restraint on the bounds of the coefficient function M (¢, x), see [5]:

Proposition 2.1. Let Q be a bounded domain of RN with smooth (e.g. C**2,
a > 0) boundary 9, T > 0, and p €]2,4+00[. We consider a coefficient function
M := M(t,z) satisfying

(15) O<a<M(tz)<b<+oo for(t,z)e Qp,
for some 0 < a < b < 400, and an initial datum ug € LP(§2).

Then, any weak solution w of the parabolic system:

Ou— Ay(Mu) =0 on Qr,

(16) (0, z) = up(x) for x e,
n(xz) - Veu=0 on [0,T] x 69,
satisfies the estimate (where p’ < 2 denotes the Hélder conjugate exponent of p)
(17) lull oo, r1x ) < (146 Dayppr) TP ||uo]| o),
and where for any a,b >0, q €]1,2]
Ca;b7q
(18) Da,bﬂl = 1-— Ca+b boa’
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provided that the following condition holds

b—a
P9
Here, the constant Cy, o > 0 is defined for m > 0, ¢ €]1,2[ as the best (that is,
smallest) constant in the parabolic reqularity estimate

(20) 1Azv]|La0,11x2) < Cimg

where v : [0,T] x Q — IR is the solution of the backward heat equation with homo-
geneous Neumann boundary conditions:

<1

(19) Cosr

2

| fll (o, 77 02)

ov+mAgw=f on Qr,
(21) v(T,z) =0 for xe€Q,
n(z)-Vyu =0 on [0,T] x 0.
We recall that one has Cy, o < 00 for m > 0, q €]1,2[ and in particular Cy, 2 < %

Note that the constant C,, , may depend (besides on m and q) also on the domain
Q and the space dimension N, but does not depend on the time T'.

— Finally, we shall use the properties of the heat kernel in [0,7T] x . We recall
(e.g. from [5]) that if f € LP([0,T] x ), then the solution u := u(t, x) of
Ou — Azu = f, Vvt e [0,T], ze€Q,
(22) n-Vyu=0, Vvt e [0,T], x € 09,
U(O, ) € LOO(Q)v
lies in L4([0,T] x Q) for all ¢ € [1, +00] being determined by convolution with the
heat kernel in L*¥ < for all & > 0, i.e.
1 N 1 1 1 2
23 Sh 1< = o> -
(23) p N+2 q q p N+2
We shall also use the monotonicity of the heat kernel: f > 0= u > 0.

3. EXISTENCE AND SMOOTHNESS: THE CASE OF A THREE-SPECIES REACTION

In this section we present brief proofs of theorems of existence and smoothness
in the case of the simpler chemical reaction A+ B = C. The corresponding system
writes

Oa—di Aza=c—ab,
(24) Oib—do Azb=c—ab,
Oic —ds Agzec=ab—c,

together with the boundary condition
(25) n-Vea=0, nV,b=0, n-Vyue=0, Vi>0, x€df.

Remark 3.1. We remark that in order to keep the presentation and the proofs
of the results in this section short, we only present the a priori estimates. The
approximation arguments use to rigorously build up solutions are similar to those
used in the Sections 4—6.
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3.1. One diffusion missing, first case. We consider the system (24)—(25) in the
case when dy,ds > 0 and d; = 0. We prove the

Theorem 3.1. Let Q C RN be a bounded and reqular (C*t* or C*) domain of
RN and dq, d3 > 0.

Then, there exists a smooth ((C2([0, +00[xQ))3 or (C°°([0, +00[xQ))?) solution
to system (24) — (25) for all smooth initial nonnegative data (compatible with the
Neumann boundary condition).

Proof of Theorem 3.1. We consider a smooth solution to system (24), (25). We
observe that

825(((1 loga—a+1)+ (b logb—b+1)+(clogc—c+1))

—Am<d1 (aloga—a+1)+dsy (b logb—b+1)+d3(clogc—c+1)) <0.
Then, the method of duality (13) yields

(26) [dl(aloga—a+1)—|—d2(blogb—b+1)+d3(clogc—c+1)}
X {(a loga—a+1)+ (blogb—b+1)+ (c logc—c—l—l)] € L. ([0, +00[xQ),

which implies that a,c € L2(log L) ([0, +00[x Q).

loc

Next, 0;b < c implies that also b € L%(log L)Z ([0, +00[x). This is enough

loc
to define weak solutions to the system. We now present three methods in order

to get strong solutions, which work under less and less stringent conditions on the
dimension N.

We first suppose that N < 5. Thanks to the properties of the heat kernel (23),

we know that a € L ([0, +oo[xQ) with qio > % (the number g can be set

to oo for N =1 and replaced by any go < 400 when N = 2). As a consequence,
abe L° ([0, +oo[x Q) for % > NLH and again thanks to the properties of the heat

loc
kernel, ¢ € L;° ([0, +oo[x Q) for L > &=2

loc S0 N—_i-2'
We now present the bootstrap argument only in the case N = 5 (the cases

N = 1,2,3,4 being easier). We know that a € L ([0, +00[xQ), ¢o ' > 3/14, ¢ €

_ loc )
Ly ([0, +00[xQ), s > 3/7 and 9;b < ¢, so that b € L;° ([0, +00[xQ), s5 ' > 3/7.

loc

Then, by using the heat kernel first for a, we get a € L ([0, +oo[xQ), ¢, * > 1/7,

_ loc
so that ab € L ([0, +0o[x), ;' > 4/7 and by using it for ¢, we obtain that
ce Ly

21 ([0, 4+00[xQ), 57 > 2/7. As a consequence, b € L ([0, +00[xQ).
Again, thanks to the heat kernel properties, a € L{2 ([0, +oo[x(2) for all g5 €
[1, 400, so that ab € Lj2.([0, +00[xQ), r; ' > 2/7 and ¢ € L2 ([0, +00[x Q) for all
s2 € [1,400[. Thus, so does b and it remains to use a last time the heat kernel and

0¢b < ¢ to get the boundedness of a, b, c. Smoothness is then easy to prove.

We introduce a different type of arguments in the case when 5 < N < 12. Let
us assume that ¢ € L;° ([0, +oo[xQ). Then, the same holds for b, and thanks to

loc

the properties of the heat kernel (23), a € L{ ([0, +o0[xQ), g5 ' > % As

a consequence, cb*~1 € Ll ([0,+00[xQ) and ca® € L _([0,+00[xQ) for a <

loc loc
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1_(2;(;3)77(11\,_%. Then, we notice that for all p € [1, +oo],

O (bP/p) +ab? = b~ e,
¢ (aP/p) +baP +dy (p — 1)aP~2|Val? — dy Vi (aP~1V,a) = aP~ e

Since a and b are nonnegative, this ensures for all T > 0,

T T
b2 (0. -
//abpdxdt g/ /cb”’ldzdtJr/ ©, )dx,
0JQ 0Ja Q P
T T P((. -
//apbdmdt S/ /cap_1 dwdt—i—/ia (0, )dgc,
0JQ 0JQ Q P

so that first (using p = sg) ab® € L ([0, +00[xQ) and secondly (with p =

- loc
a+1) a*eb € L ([0, +00[x€). By interpolation, we end up with ab € L™,
7’71 > 2(1—s0/(N+4+2))
0 1+soN/(N+2) *
L 0

o ([0, +00[xQ), with
1 2(1—s0/(N+2)) 2

s1 1+soN/(N+2) N+2

Finally, thanks to the properties of the heat kernel, ¢ €

This leads to the following induction formula: ¢ € L ([0, +oo[x ), where

loc
1 >2(1—3,1/(N+2))_ 2
Sna1 1+ 8,N/(N +2) N+2

It can be verified than when N < 12, the sequence s, is increasing (after a finite
number of steps, the estimates on the heat kernel imply that ¢ € L*). Smoothness
is then easy to prove. Note that the method above applied to the non-degenerate
case (d1,d2,ds > 0) leads to the existence of smooth solutions when N < 16.

80:2,

We finally introduce a proof which holds for any dimension N. According to the
variant (14) of the duality estimate in Section 2.2 applied to

O(la+c)—Ay(dia+dsc) =0,

we know that any estimate in L%, for a can be transfered to ¢. Thanks to the
properties of the heat kernel used for a, we see that a € L}®, = ce€ LY = a € L],
with 1/q1 > 1/q0 — 2/(N 4 2). A simple induction with go = 2 leads after finitely
many steps to an Lj5. estimate for a and c¢. The same can be obtained for b
since 0;b < c¢. Again, smoothness is now easy to prove. This ends the proof of

Theorem 3.1. (]
3.2. One diffusion missing, second case.

Theorem 3.2. Let Q C IRYN be a bounded and regular (C*+ or C>°) domain, and
dl, do > 0, ds = 0.

Then, there exists a weak (L% ([0,4+00[xQ))3) solution to system (24) — (25)
for all smooth initial nonnegative data (compatible with the Neumann boundary
condition,).

Moreover, if N < 3, then this solution is also smooth ((C%(]0,+o00[x))? or
(C>([0, +0oo[x))3).

Proof of Theorem 3.2. We consider a solution to system (24), (25). We observe
that (26) still holds, so that a,b € L*(log L)Z ([0, +o0[x ).

loc
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Then, d;c < ab also implies that ¢ € L log Lioc([0, +0o[xQ). This is enough to
define weak solutions of the system.

Moreover, if N = 1, then thanks to the properties of the heat kernel (23),
a,b € L{ ([0,400[xQ), ¢;* > 1/3, so that ¢ € L{ ([0,+00[xQ). Then, still
thanks to the properties of the heat kernel (23), a,b € L ([0, 4+00[xQ) for all
q1 € [1,+00], so that ¢ € L ([0, 400[xQ) for all ¢; € [1,+0o0[. A last iteration
shows that a,b,c € LS, ([0, +00[x2). Higher smoothness is then easily obtained.

We now propose an alternative method when N = 2 or N = 3. We present it

only in the case N = 3 since the case N = 2 is easier. We observe that
(0r —dy A)(@?/2) = a(c—ab) —dy |Vea* < ac.
Using the variant (13) of the method of duality, we see that ac € L ([0, +00[xQ).

The same holds for bc. Using the properties of the heat kernel, lwozz end up with
a?,b% € L7 ([0, +00[xQ), 7o' > 3/5. But dsc < ab, so that ¢ € L% ([0, +00[x ).
We then proceed by induction using the properties of the heat kernel. We ob-
tain first a,b € L%, ¢;* > 1/5 so that ¢ € L?gc/z([O,—i-oo[xQ), and then a,b €
L ([0, +00[x Q) for all ¢ < +oco. A last iteration enables to conclude the proof of

Theorem 3.2. O

3.3. Two diffusions missing, first case.

Theorem 3.3. Let Q C RY be a bounded and regular (C*+ or C*°) domain and
d1>0, do = d3 = 0.

Then, there exists a smooth ((C2([0, +00[xQ))3 or (C°°([0, +00[xQ))3) solution
to system (24) — (25) for all smooth initial nonnegative data (compatible with the
Neumann boundary condition).

Proof of Theorem 3.3. Tt is enough to notice that 9;(b + ¢) = 0 so that
b(t,x) + c(t,x) = b(0,z) + ¢(0, z) =: ¢(x).
Then, the system can be rewritten
Oa—diy Aga=¢—b—ab,
Otb=¢—b—ab.
Since the right-hand-side of the system is bounded, it is easy to prove existence of

smooth solutions. This ends the proof of Theorem 3.3. O

3.4. Two diffusions missing, second case.

Theorem 3.4. Let Q C RN be a bounded and regular (C** or C*°) domain and
d3>0, di =dy = 0.

Then, there exists a smooth ((C2([0, +0o[x))3 or (C°°([0, +00[xQ))3) solution
to system (24) — (25) for all smooth initial nonnegative data (compatible with the
Neumann boundary condition).

Proof of Theorem 3.4. We notice first that d¢(a — b) = 0 and, thus (for all times
t>0)

a(t,x) — b(t,x) = a(0,z) — b(0,z) =: —¢p(x).
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Then, the system can be rewritten as

a=c—al(a+9),
Oc—ds Aze=ala+ o) —c.

Thanks to the duality method, we already know that ¢ € L2 ([0, 4+o00[x€), and

loc

hence (thanks to the first equation) that a € L2 ([0, +00[x€). Then, the first
equation also implies that

i(a®/3) < ca® —a* —aPp < ?/2—a'/2 —dp.

As a consequence (integrating w.r.t. time), we see that a € L ([0, +00[xQ). Then,

loc
using the properties of the heat kernel, ¢ € L° ([0, +00[xQ) with i > N2 (the

2(N+2)
exponent is replaced by co when N = 1 and by any sg € [1, +o0[ if N = 2).
In fact, if we know that ¢ € L} ([0, +oco[x(2), then

loc

0:(a® 1 /(2p— 1)) +a*®? < ca® 2 — pa*!
< /p+a® (1-1/p) = pa®™!,

> loc([07 +OO[XQ) and using the
properties of the heat kernel, ¢ € Ly, ([0, +-00[xQ) with 1/s1 > 1/s0 — 2/(N +2).

loc

An immediate induction shows that a,c € L2 ([0, +00[x(2), and this is enough to

guarantee the smoothness of the solution. This ends the proof of Theorem 3.4. [

using Young’s inequality. As a consequence, a € L

4. EXISTENCE AND SMOOTHNESS, ONE DIFFUSION COEFFICIENT MISSING

This section is devoted to the study of system (3), (2) in the case when dy = 0,
da, ds, dgy > 0.

Theorem 4.1. Let Q C RN be a bounded and regular (C** or C*°) domain and
dy =0, da, d3, dy > 0. - -
Then, there exists a weak (Lj, ([0, +00] x Q) x (L?(log L)?, ([0, +00] x Q)?) solu-

tion to system (3), (2) for all smooth (and compatible with the Neumann boundary
condition) nonnegative initial data.

Remark 4.1. The smoothness of the solutions constructed in Theorem 4.1 is con-
sidered in Theorem 4.2 below.

Proof of Theorem 4.1. We consider a (strong) solution of system (3), (2) and ob-
serve that

4 4
(27) 8t<2(ai loga; —a; + 1)) — Ax(Zdz (ai loga; — a; + 1)) <0.

=1 i=1

Using the method of duality, we get the estimate

{idi (a; loga; — a; + 1)} {i(ai loga; — a; + 1)} € L}, ([0, +00[xQ).

=2 i=1

Thus, as a consequence and since da, d3, dy > 0, we deduce that az, a3, as €
L?(log L)% ([0, +00[xQ). In particular, we have azas € Llog Lioe([0,4+00[x€).

loc

Then, one uses inequality (11) in order to see that a3 az € L ([0, +00[x2).
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Since these bounds enable to define all the terms in system (3), (2), existence
can then be proven using the following approximating system:

n _n

day — di Agay = SHEH

I+ iy ap”
Oyal — dy Agal} = S5gi-oras e
(28) ) R o E;:a; Ve Ry, =€
n_ . n_ 4 “2 3 4
v = ds Baas = LT
8ta2 - d4 Awaff = %;asaﬁ”
(29) n-Vyal? =0, Vte Ry, =z €9,
(30) ai (0,z) = a;(0, z), Vo € Q.

Existence of a smooth solution for system (28), (29), (30) (for all given n € IN* and
for d; > 0) is a consequence of the existence of smooth solutions U : IR X Q- R?
of systems like
6tU - DA:L‘U = f(U)7
where D is a diagonal constant matrix whose entries are all nonnegative, and f is
globally Lipschitz-continuous. Those solutions are limits of the sequence Uy, where
OtUp+1 — D ALUpy1 = f(Uk).

For details we refer for example to [8].

Then, we show that it is possible to pass to the limit in (28), (29), (30) in order
to recover a (weak) solution to (3), (2). This is done by verifying that the a priori
estimates proven above for the solutions of (3), (2) still hold (uniformly with respect

to n) for the approximated system (28), (29), (30). Note first that the method of
duality ensures that

4 4
S ds(al oga = ap + )| | (el ogat a4 1)

i=2 i=1
is bounded in L}, ([0, +00[x€)) and, as a consequence, that a? a} is bounded in

L1og Lioe ([0, +00[x ). Then, the entropy dissipation estimate writes (for the ap-
proximated system):

o londt — at o D s TS g [Veai s 0]
sup Z(ai ogal —al +1)dx + A Z iW xds
i i=1 A

te[0,T]

LR R () e <

for a constant C' independent of n. The first term in this estimate ensures that
the (a?)i=1,.4 are weakly compact in L ([0,+00[xQ). Up to extraction of a
subsequence the (al) converge therefore to some limit a; for i =1, .., 4.

Using the following variant of inequality (11):

n n
atay —a% a}) lo (al a2>
a?ag a3 a4 1 ( 1“2 3 4) g ay

<K
1"‘%2?:1@?7 L+ Zz yap  logk 1"*‘%21':1@
we see (thanks to Dunford-Pettis’ criterion, cf. [4] for example) that the quantity

)

n n
ay as

1
1"'% >t af
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lies in a weak compact set of Li ([0, +00[x2). As a consequence, dial* — d; Aza?

lies in a weak compact set of L}, ([0, +00[x ), and the properties of the heat kernel
n

ensure that the sequences (a});=2,3 4 converge a.e. towards a; (up to a subsequence).

We then rewrite the first equation of (28) as

al (o,x)

t
B A CAL N
at(t,z) = al(0,x)e b wrs e

¢ af (0.2)

/t ag(s,ﬁl]) a2(57x) e* s W(io’ ds
0o 1+42 2?21 a’(s,x)

Then, % 1—1 ai converges a.e. to 0, so that

n ,n
ay ay

n

as

— as a.e. and —azay a.e.
n

7 i
1+ 5 Y af L+ Y af
Thanks to the bounds on (al');—234 in L?(log L)2 ([0, +00[x2), we see that af
al al
EES S

n _mn
a3 Gy

and —
145 Xii a

converges a.e. to a;. Finally, the weak compactness of

in LL ([0, +00[x Q) enables to pass to the limit in (the weak formulation) of (28),
(29), (30).
This ends the proof of Theorem 4.1. (I

Theorem 4.2. Let Q C IRYN be a bounded and regular (C** or C*°) domain, and
dy = 0, dg, d3, dy > 0.

Then, there exists a classical ((C%(]0,+o00] x Q)% or (C>(]0, +o00] x Q)*) solution
to system (3), (2) for all smooth (and compatible with the Neumann boundary
condition) nonnegative initial data in the case N = 1.

For N > 1, such a classical solution also exists provided az,as € L}, ([0, +00[xQ)

with p > %(N + 2). This last condition holds, for instance, when da,ds and dy4

are close enough (that is, if there exists § > 0 such that if |d; — d;| < & for all
i,j € {2,3,4}, then as,as € LY, ([0, +00[x€) for some p > 3 (N + 2) by applica-

loc
tion of the improved duality estimate Proposition 2.1 to the equations of as + as

and as + ay).

Finally, such a classical solution also exists if az,as € LY ([0,+0c[x€) (or,

az,ay € LY ([0, +00[x)) with p > N + 2. This last condition holds when da,d3

loc
are close enough (that is, if there exists 6 > 0 such that if |dy — d3| < &, then
as,as € LY, ([0,400[xQ) for some p > N +2, again by application of the improved

duality estimate Proposition 2.1).

Proof. In the one-dimensional case N = 1, it is in fact possible to show that the
solutions of Theroem 4.1 are strong. This follows by observing that as, as, aq4
satisfy a heat equation with a r.h.s. in Li ([0, +00[x€2). As a consequence (23),
as, az, ay lie in L ([0, +00[xQ) with g5 ' > 1/3. Then, a, satisfies a heat equation

with a r.hes. in LqO/z([O, +00[x€Q), and it lies therefore in L ([0, +00[xQ) for all

loc loc
¢1 € [1,400[. Moreover, we observe that

(31) a1 < azayg € L0 ([0, +00[xQ),  with ;' >2/3,
so that a1 az € L ([0, +00[xQ), and a3, aq satisfies a heat equation with a r.h.s.
in Lj°.([0, +00[xQ), and thus lie in L{ ([0, +oo[xQ) for all ¢; € [1,+oc[. Using

again (31), this also holds for a;. A last application of the properties of the heat
kernel (23) and of (31) ensures that all a; are bounded, and the smoothness is an
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easy consequence of general properties of the heat operator and the regularity with
respect to a parameter of solutions of ODEs.

For the cases N > 1, we shall first assume that as,asq € L}° ([0, +00[xQ), with
po > 3 (N +2).
Then 0;a1 < asay, so that a; € LPO/Q([O, +00[xQ). Also, Oras—da Agas < as ay,

loc

so that thanks to the properties of the heat kernel, az € L{° ([0, +0o[xQ), with

_ loc
1/q0 > 2/po—2/(N+2). Then ai as € L2.([0, +00[x2), with 1/79 > 2/po+1/q0 =

4/pg — 2/(N + 2). Finally, since 0;az — ds Agaz < ajag and Gray — dg Agay <

ai az, the properties of the heat kernel imply that a3 € L ([0, +00[xQ) and a4 €

L ([0, +00[xQ), with 1/py > 1/rg — 2/(N 4+ 2) = 4/po —I(ZLC/(N +2).

Iterating this procedure, we see that az and as € L™ ([0, +00[xQ), with 1/p, =

loc

4/pp_1—4/(N+2), for all n € IN. Since pg > % (N+2), we see that the sequence p,
is increasing and reaches after finitely many iterations a final index k € IV for which
pr > 0 while pr1 < 0. Then, a last iteration yields as, as € L2 (][0, +00[x(2), and

_ loc
consequently aj,as € L. ([0, 400[x). It is then easy to show that all a; are in

loc
fact smooth.

We conclude this case by pointing out that applying Proposition 2.1 to the
equations

Oilaz + az) — A, (L2203 (0 + a3) ) =0,

aztas

By (az + ag) — Am(w(@ + a4)> -0,

az+ay
together with the homogeneous Neumann boundary conditions (2) proves that there
exists 6 > 0 such that if |d; — d;| < ¢ for all 4,5 € {2,3,4}, then a3 and a4 €
LY ([0, 4+00[x Q) for some py > 2 (N + 2).

loc
As an alternative case N > 1, we now assume that as and ag € L? ([0, +o00[x ),

with p > N + 2. We also consider ay € L;° ([0, +00[x ), which holds for sq = 2.

loc

Then, dya; < azay, so that a; € LI ([0, +00[xQ), with 1/¢ > 1/s¢ + 1/p, and

loc
ayas € Llroc([O,Jroo[xQ), with 1/r > 1/sg + 2/p. Since Oray — dy Agzas < ag ag,
the properties of the heat kernel ensure that as € Lt ([0, +00[x2), with 1/s; >
1/s0+2/p—2/(N +2).
Iterating this procedure for p > N+2, we obtain that aq € L{" ([0, +00[x ) with
1/sn > 1/sp_1+42/p—2/(N+2) for all n € IN until after finitely many steps an index
k € IN is reached such that s > 0 while sx11 < 0. Then, a last iteration yields a4 €

L2 ([0,400[x€). As a consequence, as and as € LY ([0,+00[x(), and so on one

hand a; € LP ([0, +0c[x), and on the other hand, since d;as — do Agas < azay,

loc

the properties of the heat kernel ensure that as € L ([0, +00[x ) (remember that

loc

p > N+2). Finally, a; as € LP ([0, +00[x), and since draz —ds Ayas < a; as, the

loc

properties of the heat kernel ensure that az € LS ([0, +0o[x(2). A last application

loc )
of the inequality d;a1 < a3 a4 ensures that a; € LS. ([0, +o0[x€2). Once again, it is

then easy to show that all a; are in fact smooth.

We conclude by remarking that Proposition 2.1 applied to the equation
at(ag —+ (13) — AI (7‘12 axtds ag ((12 —+ (Zg)) = 0,

az+asz

with the homogeneous Neumann boundary conditions (2) proves that there exists
d > 0, such that if |dy —d3| < 6, then ag, a3 € LY ([0, +00[xQ) for some p > N +2.

loc

This ends the proof of Theorem 4.2. O
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5. EXISTENCE AND SMOOTHNESS, TWO DIFFUSION COEFFICIENTS MISSING
5.1. First case.

Theorem 5.1. Let Q C IRYN be a bounded and regular (C*+ or C>) domain, and
d1:d3:0, dg, dy > 0.

Then, there ezists a smooth ((C%([0,+0o[xQ))* or (C°°([0, +00[xQ))*) solu-
tion to system (3), (2) for all smooth initial nonnegative data (compatible with the
Neumann boundary condition).

Proof of Theorem 5.1. We consider a solution to system (3), (2). Then, d;(a1 +
az) = 0, so that a1, a3 € LS. ([0, +00[xQ). Moreover, ay,as € L*([0,4o0[; L' (1))

loc

thanks to the conservation laws (4), so that aj as and az a4 € L ([0, +00[x Q).

By using the properties of the heat kernel (23), we obtain as previously that

az,as € LY? ([0, +00[xQ) for pgl > NLH and the same is true for a; as and as a4.

An immediate induction shows that as and as € LI" ([0, 400[xQ) for (pn)nemn+

such that
1 N 1 1 2

— > , > — - =
po N+2 Pnt1 Pn N +2

Finally, after finitely many steps, a; € L2 ([0, +00[x2) for all i = 1,..,4, and the
smoothness can then be easily recovered.

Existence is obtained through the use of the approximated system (28), (29),
(30). The proof used above (when applied to al instead of a;) shows that the
sequences al are bounded in L{° ([0, +0o[x ). Then, a3 and a} converge (up to a
subsequence) a.e. to some limit ag, a4 thanks to the properties of the heat kernel.
Denoting ¢(z) := al(t,x) + af(t,z) = a1(0,x) + a3(0, x), we see that

_ ot _eBemtalen) o
11 an(o
af(t,x) = af(0,z)e T T

t ¢ _af(o,2)+af (0,0)

/ ¢ (z) 22(87 IR M ve > s e L
o 1+ % > im1 a7 (s,2)

Then, % ?:1 al converges a.e. to 0 so that a} converges a.e to some limit a; (up

to a subsequence). The same holds for a}. As a consequence, it is possible to pass

to the limit in (28), (29), (30) and this ends the proof of Theorem 5.1. O

5.2. Second case.

Theorem 5.2. Let Q@ C RN be a bounded, reqular (C**® or C*°) domain and
dy =dy =0, ds, dg > 0.

Then, there exists a weak ((Li ([0, +00[xQ))? x (L?(log L)2,.(]0, +o0[x))?)
solution to system (3), (2) for all smooth initial nonnegative data (compatible with
the Neumann boundary condition).

Moreover, in the case that N = 1, this solution is also smooth (C?([0, +oo[x)*

or C>([0, +oo[xQ)*).

Proof of Theorem 5.2. We consider a solution to system (3), (2). We notice that
thanks to the method of duality, inequality (27) leads to the estimate

(32) (d3 a3 + dyaq) (a1 + az + a3 + a4) € Llog Lioc([0, +00[xQ),

so that a3, a4 € L2(log L)2 ([0, +00[x ).

loc
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Using now the second term of entropy dissipation integral (7) (that is, inequality
(11)), we see that

azay € Li, ([0, +00[x ) = ay az € L. ([0, +00[x ),

so that all terms in system (3), (2) can be defined. In order to prove existence, we
consider the approximated system (28), (29), (30) and verify that the arguments
above can be used (uniformly w.r.t. n). Estimate (32) still holds uniformly w.r.t.
n, and leads to the boundedness in Llog Lo ([0, +00[xQ) of the sequence a? af.
Inequality (11) shows then that a7 a¥ is weakly compact in Li ([0, +0o[x). Fi-
nally, thanks to the properties of the heat kernel, we know that a¥ and a} converge
a.e. to some as, aq.
The equation for af can then be rewritten as

(33) Opat =" =" ay (ay — ),

where o(x ) = al(t,x) — a¥(t,x) is constant for all n and ¢. Moreover, 6™ (t,z) =
(14 + ZZ La™)~! tends (up to a subsequence) to 1 a.e. and lives in [0,1] and
Vn = 5"(13 al converges in L*([0, T]x ). We first observe that (up to extraction of a
subsequence), the quantities fOT |67 (t, ) — 1| dt and fOT |y (t, x) — a3 (t, z) as(t, x)| dt
converge towards 0 for a.e. x € . Then, for a given x € (), we introduce the
sequence of functions of time o) := aj(t) approximating the ODE (33) in the
following iterative way:

t
ap i1 (t) = af(0)e” Jo 87(s) (ap (s)—¢) ds +/ A (s) e~ J18™(0) (ap (o) —¢) do g
0
It is easy to see that (still for a given ), sup,cio ) Sup, e [, (t)| < oo and

limy— 00 SUP, e v SUPsefo, 77 [y (£) — @™ (¢)] = 0. Then, it is possible to prove by
induction on p that (for all p) lim, . [aj (t) — a,(t)] = 0, where

t
apy1(t) = at(0)e” o (en(s)—¢) ds +/ as(s)ay(s)e” Ji (ap(o)=¢)do o
0

It is therefore possible to prove that the sequence a,(t) is a Cauchy sequence
in L*([0,T]), and consequently that there exists (still for a given z) a function
ai := a1(s) such that lim;, oo sup,¢jo 7y lop(t) —a1(t)| = 0. Thanks to the previous
construction, we see that af converges to a; uniformly on [0,7] (for a given z).
Therefore, we obtain the convergence a.e. of a} to a1, and the same holds of course
for ay. This is enough to pass to the limit in the system.

Finally, when N = 1, the properties of the heat kernel imply that as,as €

LY ([0, +00[xQ) with py ' > 1/3, which implies that a3 and a4 € Lﬁi’cﬁ([ 0, +00[x ).
Then, we observe that (with ¢(z) := a1 (¢, 2) — ag(t x))
Ae(a? " (po— 1)) < aB Zagas —ab® — a2 ¢
-2 2 _
< a;gn Po + (a3a4)p0/27 _ a1270 _ ago 1¢
Po Po
2
< 2 gbo _apofl + (azay p0/27,
po ° ? (asa) Po
due to Young’s inequality. Thus, after integration in time, ay € L} ([0, +00[x€2)
and the properties of the heat kernel imply that azay € L, ([0, +00[xQ) for all
p1 € [1,+00[. Finally, a last iteration ensures that all a; lie in LS, ([0, +o00[x ),
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which implies smoothness of the solution without difficulty. This ends the proof of
Theorem 5.2 ([

6. EXISTENCE AND SMOOTHNESS, THREE DIFFUSION COEFFICIENTS MISSING

Theorem 6.1. Let Q C RN be a bounded and regular (C** or C°°) domain and
di=dy = dg =0, dy > 0.

Then, there exists a smooth ((C%(]0,+oo[xQ))* or (C([0, +00[xQ))*) solu-
tion to system (3), (2) for all smooth initial nonnegative data (compatible with the
Neumann boundary condition,).

Proof of Theorem 6.1. We consider a solution to system (3), (2). We first observe
that

ay(t,z) + az(t,x) = a1(0,z) + a3(0,z) :
a2(t7x) + Clg(t, Qj‘) = CLQ(O,Z‘) + a3(07x) :
where C > 0 is defined as

C =sup {Ilal(O, Wz + [las(0, )<, [laz(0, )]~ + [las(0, ~)||Lw}-

|
=
=
I

Vi >0, xe€q,

C,
C, Vi>0, xe€,

[
=
&
IA

Then, the system can be rewritten as
draz = (¢ — a3) (1 — ag) — azas < C?,
Oras —ds Ayas = (¢ — a3) (Y — aq) —azgas < C*.

Since the left-hand side is bounded (when as, ay are nonnegative), it is possible to
prove existence of a bounded solution by a simple continuation argument (Cf. [8]).
Note that we do not need to use an approximated system here. Smoothness follows
then easily. This ends the proof of Theorem 6.1 (I
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