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Exercise Sheet 9

Problems due 16.12.2016

(9.1) (1) Let Ei = {ei1, . . . , eini
} be a basis of Vi, i = 1, . . . ,m. Define

ϕ : (V1 ⊗ · · ·⊗ Vk)× (Vk+1 ⊗ · · ·⊗ Vm) → V1 ⊗ · · ·⊗ Vm

by ϕ(e1i1 ⊗ · · ·⊗ ekik , ek+1ik+1
⊗ · · ·⊗ emim) = e1i1 ⊗ · · ·⊗ emim (with

bilinear extension). Show that ϕ is the tensor map satisfying

ϕ(v1 ⊗ · · ·⊗ vk, vk+1 ⊗ · · ·⊗ vm) = v1 ⊗ · · ·⊗ vm

(2) (Show that Z/2Z ⊗Z Z/3Z = 0 – tensor products of modules over
rings!)

(9.2) Let U, V,W be vector spaces over C. Show that there is an isomorphism

(U ⊕ V )⊗W ∼= (U ⊗W )⊕ (V ⊗W ) sending (u⊕ v)⊗ w to (u⊗ w) ⊕ (v ⊗ w)

(9.3) (1) Let V be a complex vector space. Show that there is an isomorphism

V ⊗ C ∼= V

(2) Let V be a complex vector space. Let W be a complex vector space
of dimension n. Show that

V ⊗W ∼= V ⊕ · · ·⊕ V
︸ ︷︷ ︸

n copies

(9.4) (1) Let K[x] be the polynomials in x over the field K, K[x, y] be the
polynomials over K in x and y. Show that

K[x]⊗K[y] ∼= K[x, y] via f(x)⊗ g(y) &→ f(x)g(y)

(2) Show that V ⊗W ∼= W ⊗ V naturally (i.e. independent of the choice
of basis).
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