
DISCRETE AND ALGEBRAIC STRUCTURES, WS 2016/17

Exercise Sheet 7

Problems due 2.12.2016 (you might need the 3rd lecture for 7.3 and 7.4)

(7.1) (1) Let V1, . . . , Vm, W and W ′ be C-vector spaces.
Prove that if ϕ : V1 × · · · × Vm → W is multilinear and T : W → W ′

is linear, then T ◦ ϕ is multilinear.
(2) Let V1, . . . , Vm, W1, . . . ,Wm and W be C-vector spaces.

Let ϕ : W1 × · · · ×Wm → W be multilinear and Ti : Vi → Wi linear
for all i.
Define ψ : V1 × · · ·×Vm → W by ψ(v1, . . . , vm) = ϕ(T1v1, . . . , Tmvm).
Show that ψ is multilinear.

(7.2) (1) Assume that the determinant function det : Cn × · · · × Cn → C is
defined via the Leibniz formula, for A = (aij)1≤i,j≤n and Sn the per-
mutations of n elements and sgn the signum of a permutation

det(A) =
∑

σ∈Sn

sgn(σ)a1σ(1)a2σ(2) . . . anσ(n)

Show that det is multilinear but that for n > 1, it is not a tensor map,
i.e. that
dim⟨im(det)⟩ <

∏n
i=1 dim(Cn).

(2) Define ϕ : Cm × Cn → Cm×n by ϕ(x, y) = xyT . Show that ϕ is
multilinear and that it is a tensor map.

(7.3) Let V be a vector space over C. An inner product on V is a function (·, ·):
V × V → C such that
1. (u, v) = (v, u) for all u, v ∈ V .
2. (α1v1 + α2v2, u) = α1(v1, u) + α2(v2, u) for all vi, u ∈ V , αi ∈ C.
3. (v, v) ≥ 0 for all v ∈ V and (v, v) = 0 if and only if v = 0.
(1) Let F := {f1, . . . , fn} be a basis of the C-vector space V . Then there

exists a unique inner product (·, ·) on V such that F is orthonormal.
(2) Let E = {e1, . . . , en} be a basis of V . For any u =

∑n
i=1 aiei and v =∑n

i=1 biei, show that (u, v) :=
∑n

i=1 aibi is the unique inner product
on V so that E is an orthonormal basis.

(7.4) Let V be a C-vector space and V ∗ =Hom(V,C).
(1) Let {e1, . . . , en} be an orthonormal basis of V with inner product (·, ·).

Show that {f1, . . . , fn} is a dual basis to it (this means that fi(ej) = δij
for all i, j) if and only if fj(v) = (v, ej) for all v ∈ V and j = 1, . . . , n.

(2) Let {f1, . . . , fn} be a basis of V ∗. Show that if v ∈ V is a vector with
fj(v) = 0 for all j, then v = 0.
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