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The problem

G = GL,(C) (or one of the classical groups O,(C), Spam(C))

K = U, (more generally, a maximal compact subgroup of G)
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The problem

G = GL,(C) (or one of the classical groups O,(C), Spam(C))

K = U, (more generally, a maximal compact subgroup of G)
Let V be the following Z /27 - graded vector space V = V@ Vi:
Vo = Hom(C”, (CP) D Hom(Cp, (Cn)

Vi = Hom(C",CY9) & Hom(C9,C")
with action g - ((A, B),(C, D)) = ((gA, Bg™*),(gC, Dg™1)).
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The problem

G = GL,(C) (or one of the classical groups O,(C), Spam(C))

K = U, (more generally, a maximal compact subgroup of G)

Let V be the following Z /27 - graded vector space V = V@ Vi:
Vo = Hom(C",CP) & Hom(CP,C")
Vi = Hom(C",CY9) & Hom(C9,C")

with action g - ((A, B), (C, D)) = ((gA, Bg 1), (gC, Dg™1)).

We are interested in the following problems:
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The problem

1) Ag = algebra of G-equivariant holomorphic maps
f:Vo— NV

Try to mimic categorical quotient in the sense that G-equivariant
holomorphic maps will come from holomorphic maps

F:Wo — AWy

for some (to be specified) Zj-graded vector space W = Wy & Wj.
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The problem

1) Ag = algebra of G-equivariant holomorphic maps
f:Vo— NV

Try to mimic categorical quotient in the sense that G-equivariant
holomorphic maps will come from holomorphic maps

F:Wo — AWy

for some (to be specified) Zj-graded vector space W = Wy & Wj.

2) given f € AG, consider integral in the sense of Berezin
QV(f) — / ftop degree palrtd'u
Vo,r

Aim is to simplify the integral by reduction of the number of

variables: replace integral over ffoP degree part by integral over
Ftop degree part
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The simplest case: g =0, G =GL,, n>p

Vo =Mnp® My, Vi =0 AV;=C
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The simplest case: g =0, G =GL,, n>p

Vo =Mnp® My, Vi =0 AV;=C

f:Vo— C=A*V]is "just” a G-invariant holomorphic function.

Peter Littelmann Superbosonization of invariant matrix ensembles



The simplest case: g =0, G =GL,, n>p

Vo =Mnp® My, Vi =0 AV;=C

f:Vo— C=A*V]is "just” a G-invariant holomorphic function.

Step 1: Determine Ag = algebra of G-equivariant holomorphic
maps f : Vo — C (= A*Vf).
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The simplest case: g =0, G =GL,, n>p

Vo =Mnp® My, Vi =0 AV;=C

f:Vo— C=A*V]is "just” a G-invariant holomorphic function.

Step 1: Determine Ag = algebra of G-equivariant holomorphic
maps f : Vo — C (= A*Vf).

Classical invariant theory: (recall n > p)
GL-invariant polynomials: C[Vo]® ~ C[M, ], the isomorphism
being induced by the quotient map:

7 Vo=Myp®M,, — My, (A B)— BA
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The simplest case: g =0, G =GL,, n>p

Vo =Mnp® My, Vi =0 AV;=C

f:Vo— C=A*V]is "just” a G-invariant holomorphic function.

Step 1: Determine Ag = algebra of G-equivariant holomorphic
maps f : Vo — C (= A*Vf).

Classical invariant theory: (recall n > p)
GL-invariant polynomials: C[Vo]® ~ C[M, ], the isomorphism
being induced by the quotient map:

7 Vo=Myp®M,, — My, (A B)— BA

Same holds for holomorphic invariant functions (Luna):

Every holomorphic invariant function on Vg is the pull back of the
form (A, B) = F(BA), F a holomorphic function on Wy = M, p.©
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The simplest case: g =0, G =GL,, n>p

Step 2: Given f € Aﬁ, simplify the integral
Qy(f) ::/ fdu (here f = ftoP)
Vor
by reducing the number of variables.

Vor = Mpp — Mpp @ My, A (A A"
Assumption: f analytic on Vo R, rapid decay
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The simplest case: g =0, G =GL,, n>p

Step 2: Given f € A$, simplify the integral
Qy(f) ::/ fdu (here f = ftoP)
Vor

by reducing the number of variables.

Vor = Mpp — Mpp @ My, A (A A"
Assumption: f analytic on Vo R, rapid decay

Aim: reduction to an integral over a function on the quotient.

Recall:
quotient map 7 : Vo — M, ,, (A, B) — BA,

(Vo r) = non-neg. hermitian p x p-matrices
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The simplest case: g =0, G =GL,, n>p

Let Vo C Vor = My, be the matrices of maximal rank.

Vor and Vj  are stable under the induced Up-action

An element L = (A,Zt) € V{ g gives a decomposition
C" = ker(A) ® im(Zt) and hence an element in the Grassmann

variety (Up x Un—p)\U, of p-planes in C".

Fixing a unitary basis of im(Zt) one can identify the restriction of
A to im(A") with a matrix in GL,(C).
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The simplest case: g =0, G =GL,, n>p

Let Vo C Vor = My, be the matrices of maximal rank.

Vor and Vj  are stable under the induced Up-action

An element L = (A,Zt) € V{ g gives a decomposition
C" = ker(A) ® im(Zt) and hence an element in the Grassmann

variety (Up x Un—p)\U, of p-planes in C".

Fixing a unitary basis of im(Zt) one can identify the restriction of
A to im(A") with a matrix in GL,(C).

In other words:
V(iR ~ GL, XU, Un—p\Us.
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The simplest case: g =0, G =GL,, n>p

Theorem. f invariant holomorphic function on Vg, F the
corresponding holomorphic function on M, ,, then the Berezin
integral

Qu(f) = 2””VOI(UH)/D F(x)det"(x)dpp,.

VO/(Un—p) =pXp pos.herm.matrices

where we identify GL,/U, with the pos. herm. matrices by
gUp — gg". o
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The simplest case: g =0, G =GL,, n>p

Theorem. f invariant holomorphic function on Vg, F the
corresponding holomorphic function on M, ,, then the Berezin
integral

_.n vol(Uy) /
Qu(f)=27P"— 1 F(x)det"(x)dup, .
( ) VO/(U"—P) Dp=pxp pos.herm‘magric)es ( ) g
where we identify GL,/U, with the pos. herm. matrices by
gUp — g%". o

Remark: In this case the formula is not new for the physicists.
Advantage: generalizes directly to the other classical groups.
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The case: g =0, n > p respectively n > 2p.

Theorem

G = GL,(C), On(C), Spn(C): f a G-invariant holomorphic

function on Vg, F the corresponding holomorphic function on the

(algebraic) quotient Wy = Vy//G, then the Berezin integral

Qy(f) = 2-(rm YolKn).

/ F(x)det” (x)dpup,.
Dp=Gp/Kp

vol(Kn p)
where
G Kn Gp Ko Kn,p m | n
GL,(C) U, GL,(C) Up Un—p 0 n
On(C) On GL2P(R) O2p(R) On—2p(R) 1 g
Spn(C) | USpn | GLy(H) | USpap | USpp2p | =1 | 5

Remark: view G,/K, embedded in G, via Cartan embedding
g +— g0(g™1), so det2 makes sense.
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Berezin integral

Recall:
Vo = Hom(C",CP)&Hom(CP,C") Vi = Hom(C",C9)@&Hom(C9,C")

Given: f: Vg — A* VY
Qu(f) ;:/ D, 5 :F(Z.2,6,8)
Yo,k

e Z,Z — commuting variables z; ;, Z; j on Vo = M, , © M, ,

Peter Littelmann Superbosonization of invariant matrix ensembles



Berezin integral

Recall:
Vo = Hom(C",CP)&Hom(CP,C") Vi = Hom(C",C9)@&Hom(C9,C")

Given: f: Vg — A* VY
Qu(f) ;:/ D, 5 :F(Z.2,6,8)
Yo,k

e Z,Z — commuting variables z; ;, Z; j on Vo = M, , © M, ,

° E,f— anti-commuting variables E,-J,éj,,- on Vi = M, ¢ ® Mg n;
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Berezin integral

Recall:
Vo = Hom(C",CP)&Hom(CP,C") Vi = Hom(C",C9)@&Hom(C9,C")

Given: f: Vg — A* VY
Qu(f) ;:/ D, 5 :F(Z.2,6,8)
Yo,k

o Z, Z - commuting variables z; j, Z; j on Vo = M, , ® M, ,
° E,f— anti-commuting variables E,-J,éj,,- on Vi = M, ¢ ® Mg n;

So f(Z,Z,¢,€) = short way of writing for £ : Vo — A® VvV

Z fivdreokishty(Zigs Zig) Sy N ee- NG e Nk iy Ao Ak

77777

ordered exterior products
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Berezin integral
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Berezin integral

e Berezin form: DZ ei=

n

q
2o T T vteec) dam(ese)l o 2n) T T o

c=1ij=1 e=1i=1 851 eafed

SN _
e Convention: 8@555 =
Up to constants: DZ,Z&E projects f on the component of
maximum degree f° in the anti-commuting variables, Lebesgue
measure on Vo R.
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Berezin integral

e Berezin form: DZ ei=

n

q
2o T T vteec) dam(ese)l o 2n) T T o

c=1ij=1 e=1i=1 851 eafed

s 0% Fe
e Convention: 858555 =1
Up to constants: D, ZeE projects f on the component of

maximum degree f° in the anti-commuting variables, Lebesgue
measure on Vo R.

e Vor = {(A,"A)|A € M, ,(C)} C Vo, flv,, analytic, rapid decay.



Superbosonization - A brief characterization

Given ensemble of disordered Hamiltonians (for example hermitian
n X n matrices, real symmetric matrices), probabilty distribution
rapid decay at infinity, or bounded support (for example Gaussian
distribution).

Goal: study spectral correlation functions and other “observable
quantities” .
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Superbosonization - A brief characterization

Given ensemble of disordered Hamiltonians (for example hermitian
n X n matrices, real symmetric matrices), probabilty distribution
rapid decay at infinity, or bounded support (for example Gaussian
distribution).

Goal: study spectral correlation functions and other “observable
quantities” .

Supersymmetry method:

Starting point: characteristic function of the probabilty measure of
a given ensemble of disordered Hamiltonians.

F(K) = [ &0y (r)

What is the Fourier variable K7
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Superbosonization - A brief characterization

The exact meaning of the Fourier variable K depends on what
observable is to be computed.

In our case one should think of a lattice with (p + g)-sites,
associated to each site a vector space of dimension n, nis the
number of orbitals / states per site (granular materials).

Vo = M, p, © M, , commuting variables z; ;, Z; ;
V = WV, . . . . ~
Vi =M, q;® Mgy, anti-commuting variables (y /, ; «

p-bosonic and g-fermionic copies of the vector space C".
Interest: study behavior for n — oo

The "-variables come into the picture due to the complexification
of the picture (analytic — holomorphic).
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Superbosonization - A brief characterization

For such a situation, in general the matrix entries of K will be of

the form
P q )
Kij= _ zisZj+ Y Cimlm,
=1 m=1

where z; ;, Z; ; commuting variables, 1 </ < n,1<;<p
Ck,I, G,k anti-commuting variables, 1 <7 <n,1 <j <gq.
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Superbosonization - A brief characterization

For such a situation, in general the matrix entries of K will be of

the form
P q )
Kij= _ zisZj+ Y Cimlm,
=1 m=1

where z; ;, Z; ; commuting variables, 1 </ < n,1<;<p
Ck,I, G,k anti-commuting variables, 1 <7 <n,1 <j <gq.

To calculate the spectral correlation function for example, one has
to calculate the Berezin integral for

f=exp (f Z z1 0 EpZp ) + fZ Che,k! Fk’é:k’,k) F(K)

11 kK
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Superbosonization - A brief characterization

For such a situation, in general the matrix entries of K will be of

the form
p q _
Kij= _ zisZj+ Y Cimlm,
I=1 m=1
where z; ;, Z; ; commuting variables, 1 </ < n,1<;<p
Ck,I, G,k anti-commuting variables, 1 <7 <n,1 <j <gq.

To calculate the spectral correlation function for example, one has
to calculate the Berezin integral for

f=exp (f Z z1rEpZp ) + fZ Ch k! Fk’é:k’,k) F(K)

11 kK

Note: f isa map f : Vo — A*V{, a so-called superfunction.
parameters E;, F; - physical meaning of energy
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Superbosonization - A brief characterization

Leaving out many details, to calculate for example the spectral
correlation function one ends up with the following problem: have
a holomorphic map or superfunction

f: V0—>/\.Vf

and one has to calculate the Berezin integral, i.e.:
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Superbosonization - A brief characterization

Leaving out many details, to calculate for example the spectral
correlation function one ends up with the following problem: have
a holomorphic map or superfunction

f: V0—>/\.Vf

and one has to calculate the Berezin integral, i.e.:

Qv(f):/Mn D, (23.¢0)

where M, , is embedded in Vo = M, , © M, , as a real subspace
via

A (A,Zt).
Assume: f analytic on the diagonal M, ,, rapid decay (Schwartz
function, functions that decrease faster than any power).
Remark: doubling of the variables, complexification of a real
situation
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Summarizing:

V = Vy & Vi where

- Vo = M, p, ® M, , commuting variables z; ;, Z; ;

- Vi = M, g ® Mg , anti-commuting variables C,-J,CN,-J
- looking at holomorphic maps f : Vo — A*( V)
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Summarizing:

V = Vy & Vi where

- Vo = M, p, ® M, , commuting variables z; ;, Z; ;

- Vi = M, g ® Mg , anti-commuting variables C,-J,CN,-J
- looking at holomorphic maps f : Vo — A*( V)

In the following we have in addition:

- G = GL,(C) (or a classical group: Spp(C), O,(C))

- probability measure dy(H) on the the ensemble is K-invariant
- hence f is G-equivariant
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Summarizing:

V = Vy & Vi where
- Vo = M, p, ® M, , commuting variables z; ;, Z; ;

- Vi = M, g ® Mg, anti-commuting variables ¢; ;, (i j

- looking at holomorphic maps f : Vo — A*( V)

In the following we have in addition:

- G = GL,(C) (or a classical group: Spp(C), O,(C))

- probability measure dy(H) on the the ensemble is K-invariant
- hence f is G-equivariant

Superbosonization (Efetov): use the additional symmetry to
simplify the Berezin integral

- assume n > p for G = GL,(C), n > 2p for Sp,(C), O,(C)
Example

Qu(f) = 2p”VO/(U")/D F(x)det"(x)dpp,.

pb=pXp pos.herm.matrices
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The other extreme case: p=10,q9 > 0.

First consider again G = GL,(C).
Since p = 0 one has Vy =0 and

V = V4 = Hom(C",C%) @ Hom(CY9,C") = M, 4(C) & Mg »(C).
The algebra Ay of holomorphic maps Vo — A® V" ist just
Ay =N (V).
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The other extreme case: p=10,q9 > 0.

First consider again G = GL,(C).
Since p = 0 one has Vy =0 and

V = V4 = Hom(C",C%) @ Hom(CY9,C") = M, 4(C) & Mg »(C).
The algebra Ay of holomorphic maps Vo — A® V" ist just
Ay =N (V).

The action of G on V = Vi: g (A, B) = (gA, Bg™1), induces an
action on Ay, and the algebra Ag of G-equivariant holomorphic
maps Vo — A®V;" are just the G-fixed points in A*(V5).
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The other extreme case: p=10,q9 > 0.

First consider again G = GL,(C).
Since p = 0 one has Vy =0 and

V = V4 = Hom(C",C%) @ Hom(CY9,C") = M, 4(C) & Mg »(C).
The algebra Ay of holomorphic maps Vo — A® V" ist just
Ay =N (V).

The action of G on V = Vi: g (A, B) = (gA, Bg™1), induces an
action on Ay, and the algebra Ag of G-equivariant holomorphic
maps Vo — A®V;" are just the G-fixed points in A*(V5).
Since Ay = A*V{, the algebras Ay and .Ag come equipped with
natural grading.
Berezin integral = projection of f € A%} onto its top-degree
component:

Qu : AY — NIV f s 1P

Peter Littelmann Superbosonization of invariant matrix ensembles



The other extreme case: p=10,q9 > 0.

To get a uniform formula also for cases p, g # 0, we would like to
get a formula for Qy(f) in this case similar to the formula we had
in the case g = 0:
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The other extreme case: p=10,q9 > 0.

To get a uniform formula also for cases p, g # 0, we would like to
get a formula for Qy(f) in this case similar to the formula we had
in the case g = O:

Old case g = 0: replace f = invariant function on Vg by F =
function on quotient space W, replace Berezin integral Q(f) by:
factor [ ,m space b, Fdet"dbiD,.

New case p = 0: replace f € (A*V;)C by an H-invariant function
on W (but what is H, what space W?7?), replace projection by
integration over a ?symmetric space?.
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The other extreme case: p=10,q9 > 0.

1st step Howe duality: For simplicity n even, G = GL,,.
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The other extreme case: p=10,q9 > 0.

1st step Howe duality: For simplicity n even, G = GL,,.
Set N = gn, let C(V1 & V;') be the Clifford algebra, i.e.:

C(Vh @ Vf') is the C algebra generated by V4 & V;* subject to the

condition
ww' + w'w = s(w,w') - 1,

where for

w=v+op,w =V +¢ € Via V] : s(v+o, v +¢) = ¢’ (v)+o(V).
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The other extreme case: p=10,q9 > 0.

Recall: linear span of ww’ — w'w stable under [, ]

realization of the Lie algebra o(V1 @ V),

get Spin-representation of Spingy on A®V{ (recall N = gn)
action of G on Vi, V' gives rise to a map ¢ : GL, — Spinan

Set G’ = centralizer in Spingy of G, then G’ = GLyq(C).

G’ = GL2g(C) is called the Howe dual of G = GL,(C)
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The other extreme case: p=10,q9 > 0.

Recall: linear span of ww’ — w'w stable under [, ]

realization of the Lie algebra o(V1 @ V),

get Spin-representation of Spingy on A®V{ (recall N = gn)
action of G on Vi, V' gives rise to a map ¢ : GL, — Spinan

Set G’ = centralizer in Spingy of G, then G’ = GLyq(C).

G’ = GL2g(C) is called the Howe dual of G = GL,(C)

(To see G' = GLag(C), recall: Vi@ Vy ~C"®C29" @ C™ @ C29.)
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The other extreme case: p=10,q9 > 0.

Recall: linear span of ww’ — w'w stable under [, ]

realization of the Lie algebra o(V1 @ V),

get Spin-representation of Spingy on A®V{ (recall N = gn)
action of G on Vi, V' gives rise to a map ¢ : GL, — Spinan

Set G’ = centralizer in Spingy of G, then G’ = GLyq(C).

G’ = GL2g(C) is called the Howe dual of G = GL,(C)

(To see G' = GLag(C), recall: Vi@ Vy ~C"®C29" @ C™ @ C29.)

Seems to be leading away from the problem...but
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The other extreme case: p=10,q9 > 0.

By Howe duality:

A® V7 ist a direct sum
ANV~ P Uie N,

where U;, N; irreducible G resp. G’-modules,
and Vi # j: Ui £ Uj, N; 2 N;.
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The other extreme case: p=10,q9 > 0.

By Howe duality:

A® V7 ist a direct sum
ANV~ P Uie N,

where U;, N; irreducible G resp. G’-modules,
and Vi # j: Ui £ Uj, N; 2 N;.

In particular: AS = A*(V;)€ is an irreducible G’-module:
v 1
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The other extreme case: p=10,q9 > 0.

By Howe duality:

A® V7 ist a direct sum
ANV~ P Uie N,
where U;, N; irreducible G resp. G’-modules,
and Vi 7&_] U; i Uj,N,’ ;ﬁ NJ
In particular: A$ = A*(V5)C is an irreducible G’-module:

G n n n n
~V(z,o ooy so— 5y, — =)
AV (27 ) 23 27 ) 2)
Note: AO(V;) € A*(V5)C and A2N(V5) € A*(V5)C are
highest (vacuum) / lowest weight vectors. So Berezin integral
becomes projection onto the lowest weight vector.
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The other extreme case: p=10,q9 > 0.

Consider the " Levi decomposition”:
g =LieGly, g =u &hao ut

where = Lie GLq @ Lie GLq, u~ and u™ are isomorphic to My(C),

c=(20)0=(a )= (0 5),
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The other extreme case: p=10,q9 > 0.

Consider the " Levi decomposition”:
g =LieGly, g =u &hao ut

where = Lie GLq @ Lie GLq, u~ and u™ are isomorphic to My(C),

c=(20)0=(a )= (0 5),

Set \=(5,...,5,—5,...,—5), SO AS ~ V()) as G'-module.

Peter Littelmann Superbosonization of invariant matrix ensembles



The other extreme case: p=10,q9 > 0.

Consider the " Levi decomposition”:

g =LieGly, g =u &hao ut
where = Lie GLq @ Lie GLq, u~ and u™ are isomorphic to My(C),

- _ (00 ([ * 0 + (0 =
c=(20)0=(a )= (0 5),
Set \=(5,...,5,—5,...,—5), SO AS ~ V()) as G'-module.
\ extends to h @ u™, consider the parabolic Verma module

M) = U(g') @upant) Ca
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The other extreme case: p=10,q9 > 0.

Interpretation as functions:

projection of parabolic Verma module M(\) — V() ~ A§,
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The other extreme case: p=10,q9 > 0.

Interpretation as functions:

projection of parabolic Verma module M(\) — V() ~ A§,

as U(h)-module: M(\) ~ U(u™) ® Cy ~ C[M,] ® C, since the
enveloping algebra U(u™) is commutative. Moreover, h-action on
M(X) integrates to H = GL4 x GLg-action on M(X).
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The other extreme case: p=10,q9 > 0.

Interpretation as functions:

projection of parabolic Verma module M(\) — V() ~ A§,

as U(h)-module: M(\) ~ U(u™) ® Cy ~ C[M,] ® C, since the
enveloping algebra U(u™) is commutative. Moreover, h-action on
M(X) integrates to H = GL4 x GLg-action on M(X).

H = GL4 x GLg-action on M, is spherical, so irreducible
H-representations in C[M,] have multiplicity at most one.
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The other extreme case: p=10,q9 > 0.

Interpretation as functions:

projection of parabolic Verma module M(\) — V() ~ A§,

as U(h)-module: M(\) ~ U(u™) ® Cy ~ C[M,] ® C, since the
enveloping algebra U(u™) is commutative. Moreover, h-action on
M(X) integrates to H = GL4 x GLg-action on M(X).

H = GL4 x GLg-action on M, is spherical, so irreducible
H-representations in C[M,] have multiplicity at most one.

It follows

dim Homgy(M(A), V(A)_)) = dim HOmH((C[Mq]@C)\, V(N)_y) <1.
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The other extreme case: p=10,q9 > 0.

Interpretation as functions:

projection of parabolic Verma module M(\) — V() ~ A§,

as U(h)-module: M(\) ~ U(u™) ® Cy ~ C[M,] ® C, since the
enveloping algebra U(u™) is commutative. Moreover, h-action on
M(X) integrates to H = GL4 x GLg-action on M(X).

H = GL4 x GLg-action on M, is spherical, so irreducible
H-representations in C[M,] have multiplicity at most one.

It follows
dim Homgy(M(A), V(A)_)) = dim HOmH((C[Mq]@C)\, V(N)_y) <1.
and hence

Hompy(V/(A), V(A)-x) = Homy(M(N), V(N)_»)

is one dimensional and spanned by the Berezin integral
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The other extreme case: p=10,q9 > 0.

So we can identify the Berezin integral in the following way with
an element in Homy(M(X), V(X)) and hence:

Homp(V(A), V(\)_y) = Hompy(M(\), V(N)_y)

= Hompy(C[My] ® Cy, V(N)-»)
= HomH(C[Mq] X (C2)\,(C)
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The other extreme case: p=10,q9 > 0.

So we can identify the Berezin integral in the following way with
an element in Homy(M(X), V(X)) and hence:

Hompy(V(A), V(A)—n) = Hompy(M(N), V(N)-1)
= Hompy(C[My] ® Cy, V(N)-»)
= HomH(C[Mq] ® Cayy, C)

and, as H-modules (H = GLgq x GLg):

1
ClGLq] = C[Mglaet > C[Mg] © Cox = @C[Mq]
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The other extreme case: p=10,q9 > 0.

So we can identify the Berezin integral in the following way with
an element in Homy(M(X), V(X)) and hence:

Hompy(V(\), V(A)_y) = Homp(M(X), V()\)_»)
= Hompy(C[My] ® Cy, V(N)-»)
= HomH(C[Mq] ® Cayy, C)
and, as H-modules (H = GLgq x GLg):
C[GLg] = ClMqlaes S CIMg] @ Car = 5 C[M]

Here one has an obvious projector onto the invariants

ClGLg] = C, Fr~ Fdk
U,
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The other extreme case: p=10,q9 > 0.

It follows:

fe(ANVy)C — feV()\) identification with an
element in the G’ = GLy4(C)-module
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The other extreme case: p=10,q9 > 0.

It follows:

fe(ANVy)C — feV()\) identification with an
element in the G’ = GLy4(C)-module
— u®zy€ U )®Cy, lifting the element
to the Verma module
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The other extreme case: p=10,q9 > 0.

It follows:

fe(ANVy)C — feV()\) identification with an
element in the G’ = GLy4(C)-module
— u®zy€ U )®Cy, lifting the element
to the Verma module
—  F(x)det™"(x) € C[Mg4] ® Cax C C[GL4(C)]
identification with a function on GL4(C)

and for the Berezin integral we the identification:

Qy(f) = projection on the lowest weight space

Peter Littelmann Superbosonization of invariant matrix ensembles



The other extreme case: p=10,q9 > 0.

It follows:

fe(ANVy)C — feV()\) identification with an
element in the G’ = GLy4(C)-module
— u®zy€ U )®Cy, lifting the element
to the Verma module
—  F(x)det™"(x) € C[Mg4] ® Cax C C[GL4(C)]
identification with a function on GL4(C)

and for the Berezin integral we the identification:

Qy(f) = projection on the lowest weight space
= projection on the unique 1-dimensional
H-submodule for the character —\
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The other extreme case: p=10,q9 > 0.

It follows:

fe(ANVy)C — feV()\) identification with an
element in the G’ = GLy4(C)-module
— u®zy€ U )®Cy, lifting the element
to the Verma module
—  F(x)det™"(x) € C[Mg4] ® Cax C C[GL4(C)]
identification with a function on GL4(C)

and for the Berezin integral we the identification:

Qy(f) = projection on the lowest weight space
= projection on the unique 1-dimensional
H-submodule for the character —\
= projection of F(k)det™" onto its "invariant part”
= qu F(k)det™"(k) dk.
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The other extremal case: p=0,qg > 0,

G = GLn(C)a On((c)v Spn((C)

Theorem

For f € N*(V;)C ~ V()), let F € C[W] ~ U(u™) be a lift. The
Berezin integral f — Qv (f) can be computed as an integral over
the compact symmetric space K /Ky:

B anngm vol(Kp,) 7,,/
() = @ryrzm e | o FOE G,
where
G K, e K Ko m | n
GL.(C) | Un Unsq | UsxUq | A(U;) | O | n
On(C) | On(R) | Ons2q(R) Uzg USpag | 1 | n/2
Spn(C) | USpn | USpni2q Uogq O%(R) | =1 | n/2

Note: in the case O, one has K /Ky C skew symmetric matrices,
1, .
so det2 is defined. o
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The Berezinian or superdeterminant

In the formulas before (G = GL,(C)):

Qy(f) = constant/ F(x)det"(x)dup,.
Dp=pxp pos.herm.matrices
forp=0
Qy(f) = constant/ F(y)det™"(y)dup,
Dy=K /Ko
for g = 0.
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The Berezinian or superdeterminant

In the formulas before (G = GL,(C)):

Qy(f) = constant/ F(x)det"(x)dup,.
Dp=pxp pos.herm.matrices
forp=0
Qy(f) = constant/ F(y)det™"(y)dup,
Dy=K /Ko
for g = 0.

For the general case we have to combine the positive powers of the
determinant det”(x) and the negative powers det™"(y), this is
done by the Berezinian.

Background: in the framework of supermanifolds the Berezinian
plays the same role as the determinant when considering
coordinate changes on a supermanifold.

Peter Littelmann Superbosonization of invariant matrix ensembles



The Berezinian or superdeterminant

Consider the Zj-graded vector space W = Wy & Wi, where
Wy = Wo’o (&) W171 = MPvP b quq

W1 = WO,l S¥ W170 = Mp’q () Mq7p.
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The Berezinian or superdeterminant

Consider the Zj-graded vector space W = Wy & Wi, where
Wy = Wo’o b W171 = MPvP b quq

W1 = WO,l S¥ W170 = Mp’q () Mq7p.

An element P € W can be considered as a " block matrix” or
" super matriX’ for the "super space” CPI4:

p— X O X€W070 O’GWLO
o Ty T E WO,l VAS W171
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The Berezinian or superdeterminant

Consider the Zj-graded vector space W = Wy & Wi, where
Wy = Wo’o b W171 = MPvP b quq

W1 = WO,l S¥ W170 = Mp’q ) Mq,p-

An element P € W can be considered as a " block matrix” or
" super matriX’ for the "super space” CPI4:

X O X € W070 O’GWLO
Ty T E WO,l VAS W171

Let W” C W be the subset of supermatrices such that x, y are
invertible, then the superdeterminant:

X o det(x) det(x — oy~17)
D = =
SDet ( y ) det(y — 7x~1lo) det(y)

is well defined.
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The Berezinian or superdeterminant

-1
SDet( X o > _ det(x — oy~ 17)
Ty det(y)

For g = 0 set SDet(x) = det(x) and for p = 0 we set
SDet(y) = det™1(y).
A similar function which we will need is

 det9(x) det9(y)
Jxy) = det?P(y — 7x71o)
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Superbosonization formula:

Consider now the general case for G = GL,(C):
assume n>p > 0,q > 0.

VO = Mn’p @ Mp7n7 V]- = Mn7q @ Mq>n

Wo=Mpp® Mgq, Wi=Mpg®Mgp.
Proposition: If n > p, then 3 surjective homomorphism between
- holomorphic maps F : Wy — A*(Wf)

and
- holomorphic G = GLp-equivariant maps f : Vo — A*(Vf).
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Superbosonization formula:

Consider now the general case for G = GL,(C):
assume n>p > 0,q > 0.

VO = Mn’p @ Mp7n7 V]- = Mn7q @ Mq>n

Wo=Mpp® Mgq, Wi=Mpg®Mgp.

Proposition: If n > p, then 3 surjective homomorphism between
- holomorphic maps F : Wy — A*(Wf)

and

- holomorphic G = GLp-equivariant maps f : Vo — A*(Vf).

Proof.
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Superbosonization formula:

Consider now the general case for G = GL,(C):
assume n>p > 0,q > 0.

Vo = Mn’p @ Mp7n7 Vl = Mn7q @ Mq>n

Wo=Mpp® Mgq, Wi=Mpg®Mgp.

Proposition: If n > p, then 3 surjective homomorphism between
- holomorphic maps F : Wy — A*(Wf)

and

- holomorphic G = GLp-equivariant maps f : Vo — A*(Vf).

Proof.
algebraic G-equivariant maps f : Vo — A®V}

Peter Littelmann Superbosonization of invariant matrix ensembles



Superbosonization formula:

Consider now the general case for G = GL,(C):
assume n>p > 0,q > 0.

Vo = Mn’p @ Mp7n7 Vl = Mn7q @ Mq>n

Wo=Mpp® Mgq, Wi=Mpg®Mgp.

Proposition: If n > p, then 3 surjective homomorphism between
- holomorphic maps F : Wy — A*(Wf)

and

- holomorphic G = GLp-equivariant maps f : Vo — A*(Vf).

Proof.
algebraic G-equivariant maps f : Vo — A®V}
(S*V§ @ A* V)6 = (graded symmetric algebra)® = S*(Vy§ @ V)¢

/ G
= (T(g & Vy)/ <x@x' — (—1)Kx X' ®x>)



Superbosonization formula:

Now the degree 2 part is
S* (Vs @ Vi) =SA(Vg) @ (VD) @ (V5 ® Vp)©.
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Superbosonization formula:

Now the degree 2 part is
SH(Vg @ V)¢ =SA(Vg)C @ (M) @ (V5 @ Vp)°©.
invariants come from pairings of column and row vectors

SAVG)C = S (Mrp 0 Mp)C = M;,
N(VI)® = N(Myq & Mg,)® = Mg

Wp = even part =
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Superbosonization formula:

Now the degree 2 part is
SH(Vg @ V)¢ =SA(Vg)C @ (M) @ (V5 @ Vp)°©.
invariants come from pairings of column and row vectors

SA(VG)C =S (My , & My )¢ = M;

Wy = t =
0 = éven par Az(vl*)G _ /\Z(M:,q @ M:;m)G - M

and for the odd part we get W; =

* * * * * * G * *
(VO ® Vl )G = ((Mn,p S Mp,n) ® (Mn,q ® Mq,n)) = Mp,q ©® Mq,p'
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Superbosonization formula:

Now the degree 2 part is
SH(Vg @ V)¢ =SA(Vg)C @ (M) @ (V5 @ Vp)°©.
invariants come from pairings of column and row vectors

SA(VG)C =S (My , & My )¢ = M;

Wy = t =
0 = éven par Az(vl*)G _ /\Z(M:,q @ M:;m)G - M

and for the odd part we get W; =
* * * * * * G * *
(VO ® Vl )G = ((Mn,p S Mp,n) ® (Mn,q ® Mq,n)) = Mp,q ©® Mq,p'

Isomorphism of vector spaces induces a surjective map (Howe)

s* (W P wr) - s (v Pvi)°
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Superbosonization formula:

Now the degree 2 part is
SH(Vg @ V)¢ =SA(Vg)C @ (M) @ (V5 @ Vp)°©.
invariants come from pairings of column and row vectors

SAVG)C = S (Mrp 0 Mp)C = M;,
N(VI)® = N(Myq & Mg,)® = Mg

Wp = even part =

and for the odd part we get W; =
* * * * * * G * *
(VO ® Vl )G = ((Mn,p S Mp,n) ® (Mn,q ® Mq,n)) = Mp,q ©® Mq,p'
Isomorphism of vector spaces induces a surjective map (Howe)
S*(Wg P wr) — s (v P w)°
G. Schwarz: holomorphic equiv. maps are of the form f = f1f,

where f, is an algebraic equiv. map and f; is an hol. invariant
function on V.
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Superbosonization formula:

G = GL,(C)

Theorem:(Superbosonization formula) Let F : Wy — A*(W}*) be
a lift for f : Vo — A*(V]'), then the Berezin integral:

Qy(f) = factor/Dprojh,-gh. deg. J(x,y)SDet"(x,y)F(x,y)duppdk

where
D = (space of positive hermitian p x p matrices) X Ug

and SDet = super-determinant / Berezinian

x o\ det(x)
SDet ( Ty ) ~ det(y — 7x10)
and J(x,y) = det9(x) det?(y)/ det? P(y — 7x10o).

Peter Littelmann Superbosonization of invariant matrix ensembles




Superbosonization formula:

The general case: G = O,, Sp,
VO = Mn,p b Mp,m Vl = Mmq S Mq,n

Wy = Symzpvzp ) A/t2q72q, Wi = M2p72q for G = O,,.

Wy = A/t2p72p D Symzng, Wi = M2p72q for G = Sp,.

Lemma: If n > 2p, then 3 surjective homomorphism between
- holomorphic maps F : Wy — A*(W5)

and

- holomorphic G-equivariant map £ : Vo — A®(V5).

Set J(x,y) = det?(x) det?™™/2(y)/ detd~m/27P(y — 7x~15).

Here m=1,—1 for G = O,, Spp.
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Superbosonization formula:

The general case: G = GL,, n> presp. G = O,,, Spn, n > 2p

Theorem

(Superbosonization formula) Let F : Wy — A*(W5) be a lift for
the G-equivariant holomorphic map f : Vo — N*(V]"), then the
Berezin integral:

Qy(f) = factor/D PrOjhigh. deg J(x,y)SDet"/(x,y)F(x,y)d,qudk

where ' = n/(1+|m|) > p, m=0,1,—-1 for G = GL,, O,, Sp,
and the domain for the integration is:

D = GL,(C)/U, x Ug for G = GL,

D = GLyp(R)/O2p X Uag/USp2g for G = O,

D = GLP(H)/USPQP X U2q/02q for G = Spn




Two remarks:

- factors can be made precise, so formulas can be used for
calculations

- method extends to case where one uses products of these groups.
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Summarizing;:

- Advantage of the new method: by conversion from its original
role as the number of integrations to do, the (usually) big integer n
has been turned into an exponent
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Summarizing;:

- Advantage of the new method: by conversion from its original
role as the number of integrations to do, the (usually) big integer n
has been turned into an exponent

- applicable in cases where other methods (non-Gaussian
distribution) did not work so far
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Summarizing;:

- Advantage of the new method: by conversion from its original
role as the number of integrations to do, the (usually) big integer n
has been turned into an exponent

- applicable in cases where other methods (non-Gaussian
distribution) did not work so far

- even in cases where other methods work get interesting
equalities. As an example, Martin Zirnbauer applied the new
method Wegners n-orbital model with n orbitals per site and
unitary symmetry. Be warned, however, that this equivalence of
the formulas obtained by the new method and
Hubbard-Stratonovich is by no means easy to see directly.
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Summarizing;:

- Advantage of the new method: by conversion from its original
role as the number of integrations to do, the (usually) big integer n
has been turned into an exponent

- applicable in cases where other methods (non-Gaussian
distribution) did not work so far

- even in cases where other methods work get interesting
equalities. As an example, Martin Zirnbauer applied the new
method Wegners n-orbital model with n orbitals per site and
unitary symmetry. Be warned, however, that this equivalence of
the formulas obtained by the new method and
Hubbard-Stratonovich is by no means easy to see directly.

- the restriction n > p has been removed in a paper by Bunder,
Efetov, Kravtsov, Yevtushenko, and Zirnbauer (but formula gets
more complicated...naturally)
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Thank you very much!
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