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Theorem 4. Suppose G is reductive. A subalgebra A C k[V]% is a
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F-points is injective for all fields I¥.
Algebraic Groups and Invariant Theory, Aug. 30-Sept. 4, 2009 - 9



The Polynomial Property

ntroduction :  Theorem 5. If there is a polynomial geometric separating algebra, then

Separating Algebras the action of G on V' is generated by reflections.

Well-behaved
Separating Algebras

The Polynomial
Property

Back to the Example,
once more

Some Interesting
Examples

The Complete
Intersection Property

The Cohen-Macaulay
Property

Some More Interesting <
Examples .

A further interesting
example

A last visit to the
running example

For more details

Well-behaved sepétrating algebras

Algebraic Groups and Invariant Theory, Aug. 30-Sept. 4, 2009 — 10



The Polynomial Property

Introduction :  Theorem 5. If there is a polynomial geometric separating algebra, then
Separaing Algebras 3 the action of G on V' is generated by reflections.
Well-behaved .

Separating Algebras

The Polynomial : Definition 6. An element o of (5 is a reflection if it fixes a subspace of
Property :  codimension 1in V.

Back to the Example,
once more

Some Interesting
Examples

The Complete
Intersection Property

The Cohen-Macaulay
Property

Some More Interesting <
Examples .

A further interesting
example

A last visit to the
running example

For more details

Well-behaved sep%trating algebras Algebraic Groups and Invariant Theory, Aug. 30-Sept. 4, 2009 — 10



The Polynomial Property

Introduction :  Theorem 5. If there is a polynomial geometric separating algebra, then
Separaing Algebras 3 the action of G on V' is generated by reflections.
Well-behaved .

Separating Algebras

Definition 6. An element o of (5 is a reflection if it fixes a subspace of

The Polynomial

Property . codimension 1in V.

Back to the Example, ¢

Some Interesiing :  Theorem 7 (Serre (1969)). If k[V]G IS a polynomial ring, then the action
xamples . ] )

The Complete . of G on V is generated by reflections.

Intersection Property

The Cohen-Macaulay
Property

Some More Interesting <
Examples .

A further interesting
example

A last visit to the
running example

For more details

Well-behaved sep%trating algebras Algebraic Groups and Invariant Theory, Aug. 30-Sept. 4, 2009 — 10



The Polynomial Property

Introduction

Separating Algebras

Well-behaved
Separating Algebras

The Polynomial
Property

Back to the Example,
once more

Some Interesting
Examples

The Complete
Intersection Property

The Cohen-Macaulay
Property

Some More Interesting «

Examples

A further interesting
example

A last visit to the
running example

For more details

Theorem 5. If there is a polynomial geometric separating algebra, then
the action of G on V' is generated by reflections.

Definition 6. An element o of (5 is a reflection if it fixes a subspace of
codimension 1in V.

Theorem 7 (Serre (1969)). If k[V]G is a polynomial ring, then the action
of G on V is generated by reflections.

Theorem 8 (Shephard and Todd (1954), Serre, Chevalley (1955), Clark
and Ewing (1974)). Suppose |G| is invertible in k, then k[V]% is a
polynomial ring if and only if the action of G on V' is generated by
reflections.
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Theorem 5. If there is a polynomial geometric separating algebra, then
the action of G on V' is generated by reflections.

Definition 6. An element o of (5 is a reflection if it fixes a subspace of
codimension 1in V.

Theorem 7 (Serre (1969)). If k[V]G is a polynomial ring, then the action
of G on V is generated by reflections.

Theorem 8 (Shephard and Todd (1954), Serre, Chevalley (1955), Clark
and Ewing (1974)). Suppose |G| is invertible in k, then k[V]% is a
polynomial ring if and only if the action of G on V' is generated by
reflections.

Corollary 9. Suppose |G| is invertible in k. There exists a polynomial
geometric separating algebra if and only if the action of G on V is
generated by reflections.
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Recall that the action of G = (4 on V' was given by:

1 0
0 ¢

O H—

Hence, (& is not a reflection group, and so no geometric separating
algebra is a polynomial ring. In other words, there are no geometric
separating sets of size two, and thus

(2%, 2%y, y*}

IS a geometric separating set of minimal size.

Well-behaved sep%trating algebras Algebraic Groups and Invariant Theory, Aug. 30-Sept. 4, 2009 — 11



Some Interesting Examples

Introduction

Separating Algebras

Well-behaved
Separating Algebras

The Polynomial
Property

Back to the Example,
once more

Some Interesting
Examples

The Complete
Intersection Property

The Cohen-Macaulay
Property

Some More Interesting <

Examples

A further interesting
example

A last visit to the
running example

For more details

Consider the group (G acting as follows on a 4-dimensional vector space
over a field k of characteristic p > 0 containing a root z of Z? — Z + 1:

SO O
SO = =
O = OO
_ o O O
SO O
S O = O
O = OO
= = O O
oo O =
O O = O
SO = OO
= O =

Then the ring of invariants is an hypersurface, but there is a polynomial
separating set.
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Consider the group (G acting as follows on a 4-dimensional vector space
over a field k of characteristic p > 0 containing a root z of Z? — Z + 1:

o O O
S O = =
O = O O
o O O
o O O
S O = O
O = O O
_—_= O O
oo o =
O O = O
O = O O
= O =

Then the ring of invariants is an hypersurface, but there is a polynomial
separating set.

Remark 10.

B There are other similar examples.

B In all cases the groups are rigid groups, the isotropy subgroups are
reflection groups.
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then the action of G on V is generated by bireflections.
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Theorem 11. Let (G be a finite group. If there is a finitely generated
graded geometric separating algebra which is a complete intersection,
then the action of G on V is generated by bireflections.

Definition 12. An element o of (G is a bireflection if it has finite order and
fixes a subspace of codimension 2 in V.

Theorem 13 (Kac and Watanabe (1981), Gordeev (1982) ). Let (G be a
finite group. If the ring of G-invariants is a complete intersection ring, then
the action of G on V' is generated by bireflections.
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(From now on: joint work with Jonathan Elmer and Martin Kohls.)

Theorem 14. If V is faithful and modular, then there exists » > 1 such
that, for all k£, every graded geometric separating algebra in k[V@k]G has
Cohen-Macaulay defect at least K — r» — 1. In particular, for kK > r 4+ 1, no
graded geometric separating algebra in k[V@k]G iIs Cohen-Macaulay.

Theorem 15. Let G be a p-group. If there exists a graded geometric
separating algebra in k[V]% which is Cohen-Macaulay, then G is
generated by elements acting as bireflections.
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1 0

I |7

S O 9
Ch S O

0 0
50
0 ~

The Complete . where a, 5,7, € k, and 14 is the identity matrix.
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k is a finite field and G is the group generated by the matrices of the form:

1 0

I |7

S O 9
Ch S O

0 0
g 0
0 ~
where a, 3,7, 0 € k, and 14 is the identity matrix.

No graded geometric separating algebra in k[V]G iIs Cohen-Macaulay.
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k is a finite field and G is the group generated by the matrices of the form:

1 0

I |7

S O 9
Ch S O

0 0
g 0
0 ~
where a, 3,7, 0 € k, and 14 is the identity matrix.

No graded geometric separating algebra in k[V]G iIs Cohen-Macaulay.

Remark 16.

B This is a reflection group (and so, in particular a bireflection group),
but not a rigid group.

B The converts of Theorem 3 (for graded subalgebras) and theorem 7
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