The International Journal of Artificial Organs / Vol. 30 / no. 11, 2007 / pp. 000

Original article

A mathematical model comparing solute kinetics in
low- and high-BMI hemodialysis patients

D. CRONIN-FINE',

F. GOTCH?*, N. LEVIN?, P. KOTANKC?, M. LYSAGHT'

'Brown University, Providence, Rhode Island - USA
°Renal Research Institute, New York, New York - USA
SFMC-NA Research Laboratory, Walnut Creek, California - USA

ABSTRACT: Background: Patients with low Body Mass Index (BMI) on maintenance hemodialysis
have a higher mortality risk than patients with elevated BMI. We investigated the use of kinetic mod-
eling to test different hypotheses which have been advanced to explain this relationship.
Methods: Equations from a three-pool urea-kinetic mathematical model (hepatic mass, extracellular
fluid, muscle mass and adipose tissue) were solved to yield predictive profiles of solute and putative
toxin concentrations versus time for patients of different body weights.

Results: For the interdialytic interval, our mathematic model suggests that extracellular solute/toxin
concentration increases more rapidly in small patients. Additionally, time average concentration
(TAC) is higher for this cohort. A lower value of the muscle mass and adipose tissue mass-transfer
coefficient (K,,,.7)» which determines the rate of solute release into the extracellular fluid, exacer-
bates this difference.

Conclusion: These results suggest that higher mortality for smaller dialysis patients may be mediated
by higher time average toxin concentration, especially for solutes with a low mass-transfer coeffi-
cient value. (Int J Artif Organs 2007; 30: )
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INTRODUCTION

It is well established that physically smaller patients on
maintenance hemodialysis carry a significantly higher
mortality risk in comparison with larger patients (1-2).
This finding is paradoxical because larger patients are at
a much higher risk for cardiovascular disease and dia-
betes and thus, should have a higher mortality than
smaller patients (3). However, this is not the case.

Two different explanations for this anomaly have been
proposed. First, the high metabolic rate compartment
(HMRCQ), i.e. visceral organs, which produces uremic toxins,
is larger in proportion to the patient’s body mass in small
patients than in large patients. In other words, as a person
increases in size, the ratio of HMRC to total body size de-
creases. As a consequence, small patients produce a larger
quantity of toxins relative to their body size (4).

A second hypothesis is that muscle mass and adipose
tissue (MMAT) sequester uremic toxins from extracellular

fluid and thus, act as a buffer by diminishing the concen-
tration of toxins in the extracellular fluid. During dialysis
treatment (dialytic interval), all of the uremic toxins in the
extracellular fluid are rapidly removed. In the time period
between dialysis treatments (interdialytic interval), toxins
which were sequestered in the MMAT are gradually me-
tered back into the extracellular fluid. The rate at which
these toxins are released is determined by two factors:
(1) the muscle mass and adipose tissue intercompart-
mental mass-transfer coefficient (K,,,,,); and (2) the dif-
ference between the solute concentration in the extracel-
lular fluid and the solute concentration in the muscle
mass and adipose tissue (concentration gradient, i.e.
Cumar-Cpg)- We hypothesize that certain values of the
MMAT mass-transfer coefficient (K,,,,,) could cause time
average solute (toxin) concentrations to be higher in small
patients in comparison to large patients.

Although a large patient produces more uremic toxins
than a small patient, the large patient has a substantially
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bigger reservoir of MMAT with which to dilute the con-
centration of these toxins (5). Thus, the MMAT concentra-
tion of toxins (C,,,sp) for a large patient may be lower
than the MMAT concentration of toxin for a small patient.
The rate of solute released from the MMAT is directly pro-
portional to the concentration gradient (C,,,,x-Cg) be-
tween the MMAT and the extracellular fluid. Since the ex-
tracellular fluid concentration (C) at the beginning of the
interdialytic interval is approximately zero, then a lower
muscle mass concentration (C,,,,5p), such as exists in
large patients, should result in a lower concentration gra-
dient than in small patients. The lower concentration gra-
dient should lead to a slower release rate of solutes into
the extracellular fluid for larger patients. Small patients
have a higher MMAT concentration (C,,,,xr), because they
have less muscle mass and adipose tissue with which to
dilute the solutes. Thus, small patients should have a
high concentration gradient and consequently, a rapid
solute release rate. The study by Beddhu et al (5) on
body composition and survival in maintenance hemodial-
ysis corroborates this hypothesis. The study shows that
patients with a large amount of muscle mass have a low-
er mortality risk than those with a small amount of muscle
mass (5).

In addition, large patients have a larger extracellular
fluid compartment with which to further dilute these
solutes. The same amount of solute released into both a
large and a small patient’s extracellular fluid would result
in the small patient having a higher concentration than
the large patient, because the small patient has a lesser
amount of extracellular fluid with which to dilute the
solutes.

In summary, the observed higher mortality in small pa-
tients may be due to (i) a higher toxin generation rate rel-
ative to body mass because of a proportionally larger vis-
ceral compartment or (ii) a complex interplay of intercom-
partmental mass transfer rates and compartmental vol-
umes. A set of three first-order differential Equations [1, 2
and 3] were developed to quantitatively compare and
contrast these two hypotheses with a three-pool kinetic
model. Equation 1 describes the rate at which toxins are
generated in the organ mass (OM) by the high metabolic
rate compartment and then released into the extracellular
fluid (E). Equation 2 describes the rate at which toxins are
released from the muscle mass and adipose tissue
(MMAT) into the extracellular fluid (E). Equation 3 de-
scribes the rate at which the concentration of toxins in
the extracellular fluid varies in accordance with the rate of

toxin generation, toxin release from the MMAT and toxin
removal by dialysis (K).

d(C,
Vo X516 K (Cou =€) (1]
d(C
MWMAT%W): Kmar (Ce = Cupgar) [2]
d(C
Ve (th) = Kou (Cou = Ce )~ Kyuar (Ce = Copar) - KaCr [3]

Nomenclature is given in Table .
METHODS
Refining the governing equations

The explicit solution to the original three Equations
[1, 2, and 3], obtained using computational software
(Maple 10, Maplesoft, Waterloo, ON, Canada) was im-
practical due to its complexity and length. To make the
solution more manageable, organ mass (OM) was as-
sumed to be at a steady-state, d(C,,)/dt = 0. This simpli-
fies the system of Equations by making Kg,,(Cy,, - Cg)
equal to G, and thereby allowing G to be substituted into
Equation 3, yielding Equation 5 and obsolescing Equation
1. This substitution results in a pair of Equations for the
dialytic interval with manageable solutions [Eq. 4 and 5].

d(Copar) _

VMMAT T - KMMAT(CE - CMMAT) [4]
d(C
Ve 260 L6 Kppur (Cc = Cunir)- Ko [5]

To modify the Equations for the interdialytic interval,
the dialysis clearance term (K,C.) in Equation 5 was elim-
inated, resulting in Equation 6. However, it was no longer
possible to obtain an explicit solution for the pair of
Equations [4 and 6] because these Equations can be
combined as one Equation with two variables, which is
by definition unsolvable. Therefore, an additional Equa-
tion 7, which describes the solute mass-balance for the
interdialytic interval, was developed. Equation 7 states
that toxins generated by the organ mass either enter the
extracellular fluid or the MMAT. This additional Equation
results in a pair of Equations [6 and 7] for the interdialytic
interval with manageable solutions.

d(C
Ve (df) =G = Kywar(Ce = Coyyar) [6]
G=V:(Ce - CEO )+ Viwsar (Comiar - CMMAT; ) [7]
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TABLE | - NOMENCLATURE

BMI Body Mass Index Kilograms per Square Meter

BW Body Weight Kilograms

Ce Concentration of Middle Molecule in the Extracellular Fluid Units of Middle Molecule per Deciliter
Ce Initial Concentration of Middle Molecule in the Extracellular Fluid Units of Middle Molecule per Deciliter

MMAT

4
5
&

Concentration in the Organ Mass
Middle Molecule Generation Rate

o
<

Dialysis Clearance Rate

o

MMAT

TTIORXAXXIOOOO0
<
)
O

Concentration of Middle Molecule in the Muscle Mass and Adipose Tissue
Initial Concentration of Middle Molecule in the Muscle Mass and Adipose Tissue
High Metabolic Rate Compartment

Muscle Mass and Adipose Tissue Mass-Transfer Coefficient
Organ Mass Mass-Transfer Coefficient

Units of Middle Molecule per Deciliter
Units of Middle Molecule per Deciliter
Units of Middle Molecule per Deciliter
Units of Middle Molecule per Minute
Kilograms
Milliliters per Minute
Milliliters per Minute
Milliliters per Minute

oM
CR Protein Catabolic Rate Grams per Day
Constant of Integration Dimensionless
Time Minutes
TAC Time Average Concentration Units of Middle Molecule per Deciliter
Var Volume of Adipose Tissue Liters
Ve Volume of Extracellular Fluid Liters
Vium Volume of Muscle Mass Liters
Viamar Volume of Muscle Mass and Adipose Tissue Liters
Vowm Volume of Organ Mass Liters

Explicit solution to the revised governing equations

The pair of Equations for the dialytic interval [4 and 5]
was solved using computational software (Maple 10,
Maplesoft, Waterloo, ON, Canada). Maple 10’s algorithm
initially decouples the pair of Equations using complex
differential algebraic techniques, and then integrates the
decoupled Equations to give an explicit solution.

The solution for the interdialytic interval was obtained
using the integration method developed by Leibniz.
Equations 6 and 7 were consolidated into one Equation
by substitution, and then rearranged to isolate the inde-
pendent variable (Cp). The result is a first-order, separa-
ble, differential Equation [Eq. 8]. Both sides of the Equa-
tion were multiplied by the integrating factor

& (v 7ar)
and then integrated.

d(C;) 1 1 G K Ce,  Comar,
th +KMMATCE(VE+m)=VE(1+ V:::TT]"‘KMMAT(W*‘TE] [8]
The constants of integration for the dialytic solution (r,
and r,) in Equation 17 were obtained by assuming a
boundary condition that the extracellular fluid concentra-
tion (Cg) at time zero was equal to the MMAT concentra-
tion due to steady-state kinetics. The constant of integra-
tion for the interdialytic solution [rin Eqg. 18] was obtained
by assuming the extracellular fluid concentration at time
zero is equal to the assumed initial concentration of the
extracellular fluid (Cg.).

The time average concentration (TAC) for the interdia-
Iytic interval was obtained by numerically integrating the in-
terdialytic solution and then dividing by time. The time inter-
val used was 2.3 days. TAC was calculated for small, medi-
um and large patients with a range of MMAT mass-transfer
coefficients: 0.001, 0.01, 0.1, 1 and 5.

Simulations (Table )

To determine the physical implications of the solutions
to the kinetic model, different patient parameters were
assumed in order to generate the concentration profiles
for the dialytic and interdialytic intervals. Simulations per-
mitted visualizations of the correlation between extracel-
lular solute concentration and time. The simulations con-
sisted of three representative patients: “Small Patient”
with a body weight of 40 kg; “Medium Patient” with a
body weight of 70 kg; and “Large Patient” with a body
weight of 100 kg. Simulations for each patient size were
run for a variety of mass transfer coefficients (Cya7)-

The volume of organ mass (V,,) for these representa-
tive patients was derived from data and analysis con-
tained in a previous study by Sarkar et al (4), which es-
sentially correlates solute generation to body size. Equa-
tion 9 is the result of a linear regression of data from
Sarkar et al correlating the percentage of body weight
composed of the high metabolic rate compartment (HM-
RC,,gy) and body weight in kilograms (BW) (4). To deter-
mine the volume of the HMRC, i.e. organ mass (OM), in
terms of body weight, Equation 9 was first multiplied by
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TABLE Il - PATIENT PARAMETERS

Parameters BW (kg) Ve (L) Vou (O Vimar (O G (g/d) Cman (Mg/dL) Cp, (mg/dL)

Basis Assumed 0.58*BW BW*(0.33 - 0.0012(BW?) - 1.4(BW) - Assumed Assumed
0.0012*BW) 0.01(BW) 0.005(BW?2) - 4

Small Patient 40 kg 23.2L 11.28 L 1.52L 44.0 Uy, /d 100 U,,,/dL 100 U,,,/dL

Medium Patient 70 kg 406 L 17.22 L 518 L 69.5 Uy, /d 100 U,,,/dL 100 U,,,/dL

Large Patient 100 kg 58.0 L 21.00L 11.00 L 86.0 Uy, /d 100 U,,,/dL 100 U,,,/dL

BW = body weight; V¢ = volume of extracellular fluid; V,,,, = volume of the organ mass; V,,,xr = volume of muscle mass and adipose tissue; G = middle

molecule generation rate; Cy a0

body weight in kilograms, and then by the average densi-
ty of the human body (~1 kg/L), resulting in Equation 10.
Equation 10 was used to determine the volume of organ
mass (V,,,) for the three representative patients.

HMRC, g,y ~ 0.33 - 0.0012 (BW) [9]
HMRC ~ BW*(0.33 - 0.0012 (BW)) [10]

The generation rate of the middle molecule was de-
rived from the study by Sarkar et al (4), as well. Equation
11 is the result of a linear regression based on data from
Sarkar et al correlating protein catabolic rate (PCR) in
grams per day and the mass of HMRC in kilograms (4).

PCR ~ 4.2 (HMRC) - 4 [11]

To determine the PCR in terms of body weight, Equa-
tion 10 was substituted into Equation 11, resulting in
Equation 12. For the purposes of this study, the middle
molecule generation rate (G) was considered to be direct-
ly proportional to the PCR.

G ~ BW*(1.4 - 0.005 (BW)) - 4 [12]

The volume of the extracellular compartment (V) was
set at the total body water minus the intracellular fluid.
This equals approximately 0.2 times body weight (7).

The volume of muscle mass (V,,,) was based on data
from Sarkar et al, who studied the correlation between
muscle mass volume and total body water (TBW) ex-
pressed in Equation 13. Total body water was set at 0.58
times body weight.

Vyyy = (0.76°TBW) - 6.80 [13]

This study is only concerned with the part of the mus-
cle mass involved in buffering the solute, i.e. the fluid

= initial concentration in the muscle mass; C, = initial concentration of extracellular fluid.

portion. Thus, Equation 13 was multiplied by the muscle
mass’s hydration coefficient (0.75), i.e. the relative frac-
tion of water per unit of tissue, resulting in Equation 14
(7). Equation 14 represents the buffering portion of mus-
cle mass correlated with body weight.

V= (0.33*BW) - 5.10 [14]

The volume of adipose tissue (V,;) was derived from
data from Sarkar et al (4). The correlation between adi-
pose tissue and body mass index (BMI) is expressed in
Equation 15. BMI was converted into body mass by
assuming a height of 1.6 m for the representative
patients.

V,; ~ (1.89*BMI) - 29.20 [15]

The hydration coefficient of adipose tissue is approxi-
mately 0.1, meaning that only 10% of the volume of adi-
pose tissue is fluid which is involved in buffering the
solute (7). Thus, Equation 15 was multiplied by 0.1, re-
sulting in Equation 16.

V=~ (0.19'BMI) - 2.92 [16]

Equations 14 and 16 were summed to give the volume
of muscle mass and adipose tissue involved in buffering
the solute.

The initial extracellular and MMAT concentrations were
assumed to be equal due to steady-state kinetics and set
at 10 U,,,/dL for the simulations, where U is an arbitrary
number of units of concentration of the hypothetical in-
termediate molecular weight species (IMWS). The initial
extracellular concentration (C ) for the interdialytic inter-
val is the extracellular concentration at the end of the dia-
lytic interval simulation. The length of the dialytic interval
was set at 4 hours with a dialysis clearance rate (K,) of
200 ml/min.
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RESULTS
Explicit analytical solutions to the modeled equations

The explicit solution for the pair of Equations modeling
the dialytic interval (Eq. 4 and 5) is the set of Equations
17, where r, and r, are constants of integration. This set
describes how the concentration in the extracellular fluid
varies over time.

’
Ce =rge"+ rzgzeht+K£ )

d

1

)\1 = _W(VMMATK at VEK mmar K MMAT VMMAT -
EY MMAT

2
\/(VMMATKd + VEKMMAT + KMMATVMMAT) - 4KMMATVMMATKdVE J

1
Ap=—or ( Viwar K+ Ve Kymar + Kimar Vimar +4 (VMMATKd +
2VE VMMAT

\/E KMMAT + KMMATVMMAT )2 - 4KMMATVMMATKd‘/E )

—_

& Ve +Vipar +

_ ! 1 [VMMATKd 1
2 2 K yiar

KMMAT

\/(VMMAT Ky + Ve Kmar + Kymar Viar )2 = 4K par Viawar K 4 Ve J

1T 1 (ViuarK 1
&, *_7[M+VMMAT_K7

B 2 2‘/E MMAT

\/(VMMAT Kd + VE KMMAT + KMMAT VMMAT )2 - 4KMMAT VMMAT KdVE )

KMMAT

Equation 18 is the explicit solution for the pair of equa-
tions modeling the interdialytic interval [Eq. 6 and 7],
where r is the constant of integration. This equation
states the extracellular fluid concentration as a function
of time.

C. - GViaar + Kiwar )+ Kinsar (Ce Ve + ComaaroVimar) ’K”’”‘”[
e = +re

1
AL ]r

E 'MMAT 1 8
K mar Visar + Vi) [ ]

Simulations based on the analytic solutions

Figure 1 displays concentration vs. time during dialysis
for the three representative patients with the parameters
given in Table Il and a MMAT mass-transfer coefficient
(Kymar) of 0.1 mli/min. Simulations for a large range of
MMAT mass-transfer coefficients (100 ml/min to 0.0001
mL/min) yielded virtually identical results.
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Fig. 1 - Predicted IMWS solute concentration during dialysis. Plot of
the concentration of a hypothetical middle molecule in the extracel-
lular fluid versus time during the dialytic interval with the muscle
mass and adipose tissue mass-transfer coefficient set to 0.1 ml/min
and the dialysis clearance rate equal to 200 ml/min. Lines are for
three different hypothetical patients defined in Table I; starting con-
centration for the hypothetical middle molecule is set at 10 U, ,/dL;
and the length of treatment is set at 4 hours for each patient. The
graph shows that the small patient has a lower final concentration
than the other patients and that the small patient reaches its final
steady-state concentration within 4 hours, while the medium and lar-
ge patients do not, as would be expected. Results are virtually iden-
tical for a wide range of MMATSs.

Figure 2 displays the interdialytic solution graphed for
the three hypothetical patients with the parameters given
in Table | and for four different values of the MMAT mass-
transfer coefficient (Ky,ar = 5, 0.1, 0.01, and 0.001).

Figure 3 charts the time average concentration as the
MMAT mass-transfer coefficient varies between 5 and
0.001 for the interdialytic interval for the three representa-
tive patients with the parameters given in Table Il. The
time interval used was 2.3 days.

DISCUSSION

This study’s focus was to determine if kinetic modeling
could provide an explanation of why smaller patients
have a relatively higher mortality risk than larger patients
on maintenance hemodialysis. A three-pool urea-kinetic
model was developed to mathematically represent an ex-
planation. The model was modified to yield a more man-
ageable solution, and then solved using computational
software. Simulations were performed for a set of three
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Fig. 2 - Predicted IMWS solute concentration during the interdialytic. Plots of extracellular fluid concentration of a hypothetical middle molecu-
le versus time during the interdialytic interval with MMAT mass-transfer coefficient varied from 5 mil/min to 0.01 mi/min. Lines are for three dif-
ferent hypothetical patients defined in Table II; and the starting extracellular fluid concentration of the hypothetical middle molecule is set at the
corresponding final concentration following dialysis. The graph with K, . equaling 5 mi/min shows the small patient reaches its steady-state
concentration before the other patients. Also, the small patient’s steady-state concentration is lower than that of the larger patients. However,
the other remaining plots indicate that as K,,,,,r decreases both the final steady-state concentration and the time required to reach the steady-
state concentration increase. Thus, small patients will be particularly vulnerable to middle molecules which exchange slowly between fat-mu-

scle and extracellular fluid.

representative patients of different body weights, result-
ing in rates at which solutes move into and out of the
muscle mass and adipose tissue (MMAT).

Figure 1 demonstrates that small patients have a lower
extracellular concentration than medium or large patients
at the end of a hemodialysis treatment session. These re-
sults are independent of the MMAT mass-transfer coeffi-
cient because a large range of values for the MMAT
mass-transfer coefficient yielded similar results. These re-
sults are consistent with expectations in that transfer be-

tween extracellular fluid and MMAT is too slow to have
any significant impact on the dialysis kinetics. However,
this is not true for the interdialytic interval.

Analysis of the solution for the interdialytic interval (Fig.
2) implies several physiological differences between large
patients and small patients on maintenance hemodialy-
sis. First, for solutes with a low value of K,,,,r» small pa-
tients exhibit a higher extracellular fluid concentration of
the hypothetical middle molecule than their larger coun-
terparts. In Figure 2, the graph with a MMAT mass-trans-
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Fig. 3 - Predicted TAC of IMWS solute during interdialytic interval.
Chart of the time average (TAC) during the interdialytic interval for
hypothetical middle molecules with a range of values for the muscle
mass and adipose tissue (MMAT) mass-transfer coefficient during
the interdialytic interval. Each set of bars is composed of three hy-
pothetical patients with selected parameters given in Table I. The
chart identifies the values of MMAT for under which TAC would be
significantly lower in patients with a higher volume of muscle mass
and adipose tissue.

fer coefficient of 5 ml/min shows that the small patient’s
steady-state concentration is approximately 30 U,,,/dL.
Note that the large and medium patients have yet to
reach a steady-state concentration within the timeframe,
but that the concentration value is asymptoting toward a
higher value than that of the small patient’s. The high
metabolic rate compartment hypothesis predicts this ef-
fect since large patients have a larger high metabolic rate
compartment, and thus, a higher generation rate of toxins
in comparison with a small patient (4).

Second, small patients, initially, have a higher rate of
extracellular concentration increase than larger patients.
Figure 2 demonstrates that the small patient’s extracellu-
lar fluid concentration increases faster than that of the
large patient, except at high K,,,»r values. This result is
consistent with predictions by the muscle mass and adi-
pose tissue hypothesis. Small patients have a faster re-
lease rate because they initially have a larger concentra-
tion gradient (C,,,,ar - Cg) due to their relatively high
MMAT concentration. Once these solutes are released in-
to the extracellular fluid, small patients have a smaller ex-
tracellular fluid volume with which to dilute these solutes
than large or medium patients, further increasing their ex-
tracellular fluid concentration. Both of these factors
cause the extracellular fluid concentration in small pa-
tients to increase more rapidly than in large or medium

patients. Figure 2 further shows that for low values of the
MMAT mass-transfer coefficient, small patients have a
higher extracellular fluid concentration at the end of the
interdialytic interval than both the medium and large pa-
tients.

Third, as the value of the MMAT mass-transfer coeffi-
cient (K,,sr) decreases, the time-average concentration
(TAC) of IMWS solutes for all body weights increases,
and the difference between the TAC of a small and large
patient increases. Figure 3 exhibits the relationship be-
tween TAC in the extracellular fluid and the MMAT mass-
transfer coefficient during the interdialytic interval. As
shown, TAC increases as the MMAT mass-transfer coeffi-
cient decreases for all body weights. However, TAC in-
creases less rapidly for large patients than for small ones.
Thus, the difference between the TAC of a large patient
and the TAC of a small patient is inversely correlated with
the value of the MMAT mass-transfer coefficient. Thus,
small patients are especially vulnerable to uremic toxins
which exchange slowly between muscle-mass/adipose
tissue and the extracellular fluid.

The hypothesized explanations for the discrepancy of
mortality risk among patients with different body weights
contribute to the paradoxical relationship of relative mor-
tality and body weight for maintenance hemodialysis pa-
tients. On one hand, a higher ratio of visceral mass (V,,,,)
to extracellular fluid volume (V) in small patients neces-
sarily leads to a higher time-average toxin concentration.
But this may not be the whole story. Toxic middle mole-
cules, which are slowly exchanged between muscle mass
and adipose tissue, i.e. V,, and V,;, have been predicted
to have a higher time-average concentration in small pa-
tients when compared to large patients. This could repre-
sent a further risk factor for patients in the small BMI co-
hort.
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