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Abstract

Since 1940 a number of mathematical models of the human respiratory
control system have been developed to study a wide range of features of
this complex system. Among them, periodic breathing (including Cheyne-
Stokes respiration and apneustic breathing) is a collection of regular but
involuntary breathing patterns that have important medical implications.
The purpose of this paper is to study the stability characteristics of a
nonlinear system of five differential equations with multiple delays in both
the state and control variables for modeling human respiration. Numerical
simulations were performed to study instabilities in the human respiratory
control system including the occurence of periodic breathing and to test
the hypothesis that periodic breathing is the result of delay in the feedback
signals to the respiratory control system.

1 Introduction

The purpose of the respiratory system is to exchange the unwanted gas byprod-
ucts of metabolism, such as CO2, for O2, which is necessary for metabolism.
The site of this exchange is the alveoli, small bubble-like sacs which are found
in the lungs. There are approximately 300 million alveoli with a roughly spher-
ical shape and a diameter of .3 mm. The alveoli represent a surface area of
50 to 100 square meters, by far the largest surface area of the body interfacing
with the environment. Amazingly, this surface area encompasses a volume of
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only four liters. Intertwined among the alveoli are the smallest level of blood
vessel, the capillaries. The capillaries form a dense network of tubes 10 microns
in diameter in the walls of the alveoli resulting in an extremely thin blood-
gas barrier. Mixed venous blood collected in the right ventricle of the heart is
pumped into the pulmonary artery which branches successively, terminating in
the capillaries. Each red blood cell spends approximately one second passing
through two to three alveoli. The gas exchange boundary is so efficient that
this is all the time needed for the red blood cells to completely exchange CO2

for O2 by passive diffusion. The blood is then collected back in the pulmonary
veins and returned to the left auricle and then to the left ventricle where the
blood is pumped to the systemic circulatory system.

Gas exchange is accomplished solely by passive diffusion of gases across the
blood/gas barrier between capillaries and alveoli. The primary determiner of
diffusion is the partial pressure gradients across this barrier. O2 diffuses into
the capillaries and CO2 into the alveoli. O2 is carried in the red blood cell
both in a simple dissolve state and bound to hemoglobin which increases the
efficiency of absorption and storage. CO2 is carried in three different ways by
the blood but, being twenty times more soluble than O2, the simple dissolved
state is more significant for CO2. For efficient gas exchange, it is important that
blood flow rate and ventilation (air flow) rate be matched within the various
regions of the lung. For comprehensive references on respiratory physiology,
see, for example, [14, 19].

The control mechanism which responds to the changing needs of the body to
acquire oxygen and expel CO2 acts to maintain the levels of these gases within
very narrow limits (and to a less understood degree match ventilation and blood
flow). The means by which this is accomplished is fairly well understood and
consists of three components: (i) sensors which gather information; (ii) effectors
which are nerve/muscle groups which control ventilation; and (iii) the control
processor located in the brain which organizes information and sends commands
to the effectors. The sensory system consists of two main components: the
central sensors and the peripheral sensors; see Figure 1.

Since the control processor response to the central and peripheral sensor
information is additive it is common practice to refer to the peripheral sensory
system as the peripheral control and the central sensory system as the central
control. The central sensors are found in the medulla area of the brain and
respond to the level of CO2 partial pressure (and to pH levels as well, though
the mechanism is not well understood [19]). CO2 partial pressure is the main
factor stimulating ventilation [6]. The peripheral chemoreceptors are found in
the carotid bodies located at the bifurcation of the common carotid arteries and
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Figure 1: Schematic diagram of the human respiratory control system.

the aortic bodies above and below the aortic arch [6]. These receptors respond
to both O2 partial pressures and CO2 partial pressures. The carotid bodies
also respond to pH levels and are much more important than the aortic bodies
in respiratory control. Both the aortic and carotid bodies act to regulate the
cardiovascular system as well [14]. The response of the peripheral receptors
is swift due to the relatively high blood flow through the carotid bodies. The
peripheral response to CO2 accounts for only 20-25 % of the overall response due
to CO2 partial pressure. The other 75-80 % is due to the central receptors [19].
There are differences in the response profiles of peripheral and central receptors
to CO2 and O2 levels resulting in a highly intricate set of possible response
signals to the myriad of possible levels of CO2 and O2. The control system can
thus respond successfully to a wide range of conditions. The sensitivity of this
control is such that, regardless of the variation in the daily levels of rest and
activity, the CO2 partial pressure remains within 3 mm of its normal level of
40 mm Hg [19].

2 Periodic Breathing

Periodic breathing (PB) is the generic name given to a number of breathing
patterns which are involuntary and have a regular pattern. The most impor-



tant forms of PB [8] are: (i) Cheyne-Stokes breathing which is illustrated in
Figure 2; (ii) apneustic breathing; and (iii) Biots breathing. Periodic breathing
patterns are abberations in normal breathing patterns and can have important
medical implications. Among them, patients with brain stem lesions, patients
with congestive heart problems, normal individuals during sleep and at high
altitudes, and newborn infants (which may be related to SIDS).

10-20 seconds 10-20 seconds 10-20 seconds 10-20 seconds 10-20 seconds

lu
ng

 v
ol

um
e

Figure 2: Cheyne-Stokes respiration.

A number of causes for PB have been proposed, including cardiovascular
and neurological causes [8]. Perhaps the most widely held theory, introduced
by Haldane and Douglas in 1909 [4], holds that PB is caused by instability in the
respiratory control system. It appears that PB is mediated by the peripheral
sensory mechanism and is effected by the delay in the feedback control loop.
Significant delay in the feedback loop can result in the system reacting to infor-
mation which no longer describes the state of the system. This can result in the
so called “hunting phenomenon” where the system control incorrectly adjusts
the control response to stabilize a state which no longer obtains. Excessive or
diminished controller gain also affects feedback effectiveness. Considered as a
dynamical system with delay, well known mathematical results such as given
in [2] show that long delay times in the feedback control loop will destabilize a
system and produce oscillations.

Studies done to vary peripheral controller gain and feedback delay support
this [8, 9]. In particular, see [13], stability can be affected by circulation delay
times, central and peripheral control gain, hypoxia and control response to hy-
poxia, and sleep/arousal state. The respiratory control system mechanism acts
by means of negative feedback. Deviations in blood gas levels from physiolog-
ical set points induce changes in ventilation rates which tend to compensate
for these deviations. As mentioned above, the amount of blood flow to the



peripheral sensors is extraordinary and thus medical problems restricting this
flow may also be a cause for instability.

The sensory mechanisms and the effector organs are separated by a phys-
ical distance and thereby introduce transport delays into the control system
(see Figure 1). Corrective adjustments to ventilation will be thus delayed and
together with changes in controller gain may lead to damped or sustained os-
cillations in the control system. Modeling studies have been done to test this
hypothesis [11]. Apnea (lack of ventilation) can occur when the oscillations
in the ventilatory control signal drive the signal to the cutoff point. Apnea
has been associated with the phenomenon of Sudden Infant Death Syndrome
(SIDS) and thus a fuller understanding of mechanisms producing it is important
[18, 1].

3 A Mathematical Model for the Respiratory Con-
trol System

In this section we briefly describe the mathematical model developed in [11]
and later was extended in [1] for modeling human respiration. The following
standard symbol sets will be used throughout the paper.

Primary Symbols:

M = maximum effective volume in compartment,

MR = metabolic rate,

P = partial pressure,

Q = volume of blood,

Q̇ = volume of blood per unit time,

τ = delay,

V̇ = volume of gas per unit time.

Secondary Symbols for the Gas Phase:

A = alveolar,

AT = sea level air pressure,

B = brain,



C = carbon,

D = dead space,

E = expired,

I = inspired,

L = lung,

O = oxygen,

T = tissue.

Secondary Symbols for the Blood Phase:

a = mixed arterial,

c = capillary,

ĉ = end-capillary,

i = ideal,

v = mixed venous.

For example, Pao2
indicates arterial partial pressure of O2 leaving the lungs and

V̇I represents the inspired ventilation rate. The equations for the model stud-
ied arise from straightforward development of mass balance equations utilizing
Fick’s law, Boyle’s law and variations of Henry’s law relating the concentration
of a gas in the solution to the partial pressure of the gas interfacing with the
solution. The model describes three compartments: the lung compartment, a
general tissue compartment and a brain compartment. A block diagram de-
scribing the the relationships between the three compartments and transport
delays is shown in Figure 3. Delay is introduced into the respiratory control
system due to the physical distance which CO2 and O2 levels must be trans-
ported to the sensory sites before the ventilatory response can be adjusted.
Moreover, the delay times are state dependent since they depend on cardiac
output in general and blood flow rate to the brain in particular. Basic models,
which describe cardiac output and cerebral blood flow rates in terms of Paco2

,
Pao2

, and levels of CO2 and O2 in the brain respectively, can be found in [1].
In the following representation, the transport delays are denoted by: τB = lung
to brain delay, τT= lung to tissue transport delay, τV = venous side transport
delay from tissue to lung, and τa = lung to carotid artery delay.



controller

central

compartment

brain tissue lung to brain
delay

delay
lung to carotid

delay
tissue

Σ
space compartment

lungdead

heart

mixing 
in

tissue
compartment

peripheral
controller

PvCO2

PbCO2

PvO2

MODEL SCHEMATIC DIAGRAM WITH DELAYS

PaO2

PaCO2

PaO2

PaCO2

PaO2

PaCO2

PaO2

PaCO2

PaCO2

Figure 3: Block diagram of the respiratory system model.

The equations describing the dynamics between the three compartments are
given by:

dPaco2
(t)

dt
=

863Q̇Kco2 [PVco2
(t − τV) − Paco2

(t)]

MLco2

+
EFV̇I[PIco2

− Paco2
(t)]

MLco2

, (1)

dPao2
(t)

dt
=

863Q̇[mvPVo2
(t − τV) − maPao2

(t) + Bv − Ba]

MLo2

+
EFV̇I[PIo2

− Pao2
(t)]

MLo2

, (2)



dPBco2
(t)

dt
=

MRBco2

MBco2
KBco2

+
[Q̇B(Paco2

(t − τB) − PBco2
(t))]

MBco2

, (3)

dPVco2
(t)

dt
=

MRTco2

MTco2
Kco2

+
[Q̇T(Paco2

(t − τT) − PVco2
(t))]

MTco2

, (4)

dPVo2
(t)

dt
=

Q̇T[maPao2
(t − τT) − mvPVo2

(t) + Ba − Bv] − MRTo2

MTo2
mv

. (5)

Equations (1) and (2) describe the lung compartment partial pressures of CO2

and O2 respectively. Equations (4) and (5) describe the tissue compartment
(including also brain tissue) partial pressures of CO2 and O2 respectively. Equa-
tion (3) describes the brain compartment CO2 partial pressure. EF, PIo2

, Kco2 ,
ma, mv, Ba and Bv are constants. The constants Kco2 , ma, mv, Ba and Bv occur
in the so-called dissociation laws relating gas concentrations to partial pressures.
PIo2

represents inspired oxygen. We include an alveolar arterial gradient of 4
mm Hg (unless otherwise indicated) by reducing PIo2

by this amount [19]. The
CO2 dissociation law is assumed linear while the O2 dissociation law is nonlinear
but approximately piecewise linear. In the above model, it was assumed that
the O2 partial pressures stay within one band of the piecewise linear representa-
tion thus making it linear. Furthermore, the metabolic rates and compartment
volumes are assumed constant. EF reduces the effectiveness of ventilation and is
used to model the effects of the ventilatory dead space. Ventilatory dead space
refers to the fact that, on inspiration, one first brings into the alveoli air from
the upper conducting airways (where no gas exchange occurs) left over from ex-
piration. This air is fully equilibrated with the venous partial pressures of CO2

and O2 and hence does not contribute to the ventilation process. This dead
space represents approximately 25 -30 % of the air moved during inspiration.

The ventilation rate V̇I depends on the signals sent from the peripheral and
central sensors and the peripheral and central control effects are additive [3].
Thus

V̇I = V̇periph + V̇cent, (6)

where

V̇cent = ventilation due to the central control signal,
V̇periph = ventilation due to the peripheral control signal.

Physiologically, we do not assign any meaning to a negative V̇I, V̇periph or V̇cent.
Let V̇P be the function defining ventilation due to the peripheral control signal



and V̇C be the function defining ventilation due to the central control signal.
Then, we set V̇P and V̇C equal to zero should these functions become negative.
Using the following notation

[[x]] =
{

x for x ≥ 0
0 for x < 0

.

the control equation actually takes the form

V̇I = [[V̇P]] + [[V̇C]]

where

V̇P = GP exp (−.05Pao2
(t − τa))(Paco2

(t − τa) − IP)

and

V̇C = GC(PBco2
(t) −

MRBco2

Kco2Q̇B

− IC).

Here, GC and GP are control gains and IC and IP are cutoff thresholds. How-
ever, to simplify our discussion, we will omit this notation while always main-
taining that the peripheral and central ventilation rates will be greater than or
equal to zero.

The control equation describing the rate of ventilation V̇I is thus [11]

V̇I = GP exp (−.05Pao2
(t − τa))(Paco2

(t − τa) − IP)

+GC(PBco2
(t) −

MRBco2

Kco2Q̇B

− IC). (7)

The first term in (7) describes V̇periph and the second term describes V̇cent.
Controller function V̇I represents general ventilatory drive in liters/minute.

Tidal volume or breath by breath simulation can be obtained by considering
the details of a single breath. During inspiration the first segment of air is
left-over exhaled air remaining in the dead space of the lungs (the branching
tubes which do not exchange gases). This volume is approximately 150 ml for
an adult. Infant anatomical dead space decreases from a maximum at birth
during the first years [17]. Neither this air nor expired air provides the same
volumes of CO2 and O2 compared to fresh air. Hence V̇I will be replaced in the
state equations by V̇eff as follows. On the first segment of inspiration (until the
stale air in the dead space has passed into the lungs) V̇eff should be a reduced
level of V̇I. During the remaining segment of inspiration V̇eff should equal V̇I.



Finally during expiration V̇eff will again be a reduced level of V̇I. In practice,
we alter the value of EF in the state equations for Paco2

and Pao2
to reduce

V̇I. Furthermore, MLco2
and MLo2

are varied during inspiration and expiration
depending on V̇I (see Khoo et al. [10] for details). The actual chemical drive
in the model will be proportionally larger to force the flow of fresh air through
the lung compartment during the fresh air phase of inspiration (a factor of
about 2.5). A small alveolar-arterial oxygen gradient (A-a) O2 is assumed to
account for ventilation/perfusion mismatch and a residual R-L shunt in adults
[14]. Breath by breath calculations can be found as:

Vtidal=tIV̇I ,

where tI = time of inspiration (around 1.5 sec)
V̇I = inspiration drive in liters per minute

4 Simulations of Human Respiratory Physiology

Simulations of various conditions are carried out using appropriate parameter
values chosen to reflect these conditions. We present here simulations of the
adult steady state and congestive heart condition using the parameter values
given in [11]. These parameters and initial conditions are found in the various
tables in [1]. The delay times are calculated by integrating backward the blood
flow rates until the volumes are reached for the arterial segments leading from
the lung to the site of the sensory elements [1]. The values used for these
volumes are found in [5]. Numerical solutions are obtained using SNDDELM, a
code developed by Lo and Jackiewicz [12] for the numerical solution of systems
of neutral delay differential equations with state-dependent delays using Adams
predictor-corrector methods. We are indebted to the authors for allowing us to
use this robust code to perform all simulations reported in this paper.

4.1 Normal Awake Adult Case

Figures 4-6 represent the steady state levels for the system variables in a normal
adult awake case. The simulated values for partial pressures,tidal volume, and
blood flow are consistent with the data presented in [14].
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Figure 4: Partial pressure simulation values in normal adult awake case.
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Figure 5: Tidal volume simulated result in normal adult awake case.
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Figure 6: Blood flow simulated values in normal adult awake case.

4.2 Congestive Heart Condition

Figures 7-9 represent simulations using parameter values suggestive of the con-
gestive heart condition. For this case, Q̇ is reduced to one half the normal
level and hence the transport delays are doubled. This causes instability in the
system resulting in central apnea (CA) and periodic breathing as can be seen
in Figure 8. Cheyne-Stokes respiration (CSR) is exhibited. Early studies [7]
suggested that excessive delay time might be the prime cause of (CSR). Current
research suggests that a number of factors contribute to the phenomenon. For
instance, it has been found that the application of continuous positive airway
pressure (CPAP) acts to counter the onset of CSR [15]. Also, hypocapnia is
an important factor in CSR in congestive heart failure and circulatory delay
plays an important role in determining CSR-CA cycle length [16]. Excessive
circulatory delay time certainly contributes to the “hunting phenomenon” first
suggested by Douglas and Haldane to account for PB and CSR [8]. Simulations
with the above model show that for certain values of controller gain, very long
delay times may not produce oscillations but with other controller gain values
such as used in the simulations in Figures 7-9 oscillations are produced.
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