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Factorizations

42 = 2 · 3 · 7

x3 − x = x(x − 1)(x + 1)

factorization: a = c1 · c2 · · · cr

= d1 · d2 · · · ds

irreducible elements

the same if r = s and (up to reordering) ci ∼ di

= 3 · (−2) · (−7)
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Factorizations and Int(Z)

Z[x ] ⊊

Int(Z) = {f ∈ Q[x ] | f (Z) ⊆ Z}

⊊ Q[x ]
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absolute irreducibility

• factorizations of powers of irreducibles are hard to control

f =
x(x2 + 3)

2
∈ Int(Z)

f 2 =
x2(x2 + 3)

4
· (x2 + 3) = f · f

no
t ab

s.
irr
ed

uc
ibl

e

• absolutely irreducible: irreducible + all powers factors uniquely

How to recognize ?
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The binomial polynomials

(
x

n

)

k

=

(

x(x − 1) · · · (x − n + 1)
n!

)k
= f · g

int.-val.

®
(±1) ·

(
±
(
x

n

))

k

Theorem
(x
n

)
is irreducible in Int(Z) for all n ∈ N0.

Theorem (R., Windisch; 2021)
(x
n

)
is absolutely irreducible in Int(Z) for all n ∈ N0.
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The binomial polynomials

(
x

3

)k

= f · g =⇒ f = ±
(x

3

)k0
(
x − 1

2

)k1
(
x − 2

1

)k2

∀s ∈ Z : 3k0 divides sk0(s − 1)k1(s − 2)k2

Ex. s = 4: 4k03k12k2 ⇝ k1 ≥ k0

Ex. s = 5: 5k04k13k2 ⇝ k2 ≥ k0

(
−1 1 0
−1 0 1

)

k0
k1
k2


 ≥ 0

=⇒ k0 = k1 = k2

Roswitha Rissner 6



The binomial polynomials

(
x

3

)k

= f · g =⇒ f = ±
(x

3

)k0
(
x − 1

2

)k1
(
x − 2

1

)k2

∀s ∈ Z : 3k0 divides sk0(s − 1)k1(s − 2)k2

Ex. s = 4: 4k03k12k2 ⇝ k1 ≥ k0

Ex. s = 5: 5k04k13k2 ⇝ k2 ≥ k0

(
−1 1 0
−1 0 1

)

k0
k1
k2


 ≥ 0

=⇒ k0 = k1 = k2

Roswitha Rissner 6



The binomial polynomials

(
x

3

)k

= f · g =⇒ f = ±
(x

3

)k0
(
x − 1

2

)k1
(
x − 2

1

)k2

∀s ∈ Z : 3k0 divides sk0(s − 1)k1(s − 2)k2

Ex. s = 4: 4k03k12k2

⇝ k1 ≥ k0

Ex. s = 5: 5k04k13k2 ⇝ k2 ≥ k0

(
−1 1 0
−1 0 1

)

k0
k1
k2


 ≥ 0

=⇒ k0 = k1 = k2

Roswitha Rissner 6



The binomial polynomials

(
x

3

)k

= f · g =⇒ f = ±
(x

3

)k0
(
x − 1

2

)k1
(
x − 2

1

)k2

∀s ∈ Z : 3k0 divides sk0(s − 1)k1(s − 2)k2

Ex. s = 4: 4k03k12k2 ⇝ k1 ≥ k0

Ex. s = 5: 5k04k13k2 ⇝ k2 ≥ k0

(
−1 1 0
−1 0 1

)

k0
k1
k2


 ≥ 0

=⇒ k0 = k1 = k2

Roswitha Rissner 6



The binomial polynomials

(
x

3

)k

= f · g =⇒ f = ±
(x

3

)k0
(
x − 1

2

)k1
(
x − 2

1

)k2

∀s ∈ Z : 3k0 divides sk0(s − 1)k1(s − 2)k2

Ex. s = 4: 4k03k12k2 ⇝ k1 ≥ k0

Ex. s = 5: 5k04k13k2

⇝ k2 ≥ k0

(
−1 1 0
−1 0 1

)

k0
k1
k2


 ≥ 0

=⇒ k0 = k1 = k2

Roswitha Rissner 6



The binomial polynomials

(
x

3

)k

= f · g =⇒ f = ±
(x

3

)k0
(
x − 1

2

)k1
(
x − 2

1

)k2

∀s ∈ Z : 3k0 divides sk0(s − 1)k1(s − 2)k2

Ex. s = 4: 4k03k12k2 ⇝ k1 ≥ k0

Ex. s = 5: 5k04k13k2 ⇝ k2 ≥ k0

(
−1 1 0
−1 0 1

)

k0
k1
k2


 ≥ 0

=⇒ k0 = k1 = k2

Roswitha Rissner 6



The binomial polynomials

(
x

3

)k

= f · g =⇒ f = ±
(x

3

)k0
(
x − 1

2

)k1
(
x − 2

1

)k2

∀s ∈ Z : 3k0 divides sk0(s − 1)k1(s − 2)k2

Ex. s = 4: 4k03k12k2 ⇝ k1 ≥ k0

Ex. s = 5: 5k04k13k2 ⇝ k2 ≥ k0

(
−1 1 0
−1 0 1

)

k0
k1
k2


 ≥ 0

=⇒ k0 = k1 = k2

Roswitha Rissner 6



The binomial polynomials

(
x

3

)k

= f · g =⇒ f = ±
(x

3

)k0
(
x − 1

2

)k1
(
x − 2

1

)k2

∀s ∈ Z : 3k0 divides sk0(s − 1)k1(s − 2)k2

Ex. s = 4: 4k03k12k2 ⇝ k1 ≥ k0

Ex. s = 5: 5k04k13k2 ⇝ k2 ≥ k0

(
−1 1 0
−1 0 1

)

k0
k1
k2


 ≥ 0

=⇒ k0 = k1 = k2

Roswitha Rissner 6



The binomial polynomials

�
x
3

�k

= f · g =⇒ f = ±
�x

3

�k0
�

x − 1
2

�k1
�

x − 2
1

�k2

∀s ∈ Z : 3k0 divides sk0(s − 1)k1(s − 2)k2

Ex. s = 4: 4k03k12k2 ⇝ k1 ≥ k0

Ex. s = 5: 5k04k13k2 ⇝ k2 ≥ k0

�
−1 1 0
−1 0 1

�


k0
k1
k2


 ≥ 0

Roswitha Rissner 6



The binomial polynomials

�
x
3

�k

= f · g =⇒ f = ±
�x

3

�k0
�

x − 1
2

�k1
�

x − 2
1

�k2

∀s ∈ Z : 3k0 divides sk0(s − 1)k1(s − 2)k2

Ex. s = 4: 4k03k12k2 ⇝ k1 ≥ k0

Ex. s = 5: 5k04k13k2 ⇝ k2 ≥ k0

�
−1 1 0
−1 0 1

�


k0
k1
k2


 ≥ 0

Roswitha Rissner 6



The binomial polynomials

�
x
3

�k

= f · g =⇒ f = ±
�x

3

�k0
�

x − 1
2

�k1
�

x − 2
1

�k2

∀s ∈ Z : 3k0 divides sk0(s − 1)k1(s − 2)k2

Ex. s = 4: 4k03k12k2 ⇝ k1 ≥ k0

Ex. s = 5: 5k04k13k2 ⇝ k2 ≥ k0

�
−1 1 0
−1 0 1

�


k0
k1
k2


 ≥ 0

Roswitha Rissner 6



Factors of
(
x
n

)m

(
x

n

)m

= f · g

=⇒

f = ±
n−1∏

i=0

(
x − i

n − i

)ki

g = ±
n−1∏

i=0

(
x − i

n − i

)ℓi

m = ki + ℓi for all i

∀p ∈ P, s ∈ Z : vp(f (s)) ≥ 0
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The valuation matrix

An = (vp(n + r − i)− vp(n − i))p∈Pn,r∈Rn,p

0≤i≤n−1

Theorem (R., Windisch; 2021)

•
∏n−1

i=0

(
x−i
n−i

)ki
divides

(x
n

)m
=⇒ (k0, k1, . . . , kn−1)

t ∈ ker(An)

• rank(An) = n − 1 =⇒
(x
n

)
absolutely irreducible
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The valuation matrix

∗ ∗ ∗ ∗






2P − nn − P n − P
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The valuation matrix
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−1 1

0 0
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• “inner” rank is 2P − n − 1
• “inner” and “outer” columns spaces have trivial intersection
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The valuation matrix

∗ ∗ ∗ ∗






2P − nn − P n − P

−v v

0 ∗
−v v







p − rn,p − 1

rn,p

j = rn,p
j = p − 1

1

∗ 0
1







p − rn,p − 1

j = n − (p − 1)
j = n − (rn,p + 1)

rn,p
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The “outer” rank

−v v

0 ∗ ∗ 0 0

−v v

−v

0 0 ∗ ∗ 0 0
−v

−v 1

0 0 ∗ ∗ 0
−v 1







k − (rn,p + 1)

p + rn,p − 2k

k − rn,p

rn,p k − (rn,p + 1)

n − P − k n − P − k

k − rn,p rn,p

j = rn,p

Theorem (R., Windisch, 2021)
Let n > 10, P the maximal prime with P ≤ n, and 2 ≤ k ≤ n − P .

Then there exists a prime p > 2k with p | n(n − 1) · · · (n − k + 1).
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The binomial polynomials

(
x

n

)
⇝ valuation matrix An ∈ Zm×n

absolutely irreducible ⇐⇒ dim ker(An) = 1

⇐⇒ rank(An) = n − 1

(
x

n

)
=

x(x − 1) · · · (x − n + 1)
n!

∈ Int(Z) abs. irred. À

C
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All int.-val. polynomials over DVRs

(R, pR) . . . DVR
Int(R) = {f ∈ q(R)[x ] | f (R) ⊆ R}

h

k

=

(

f k1
1 f k2

2 f k3
3 · · · f krr

pn

)
k

= f · g
int.-val.

®

f ∼ hr

g ∼ hs
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Ex. in Int
(
Z(3)

)

(
(x2 + 9)(x − 5)3(x − 1)(x − 7)

32

)k

= f · g

=⇒ f =
(x2 + 9)m1(x − 5)m2(x − 1)m3(x − 7)m4

3ℓ




m1
m2
m3
m4


 ∈ ℓ

2




1
3
1
1


+ ker

(
2 0 0 0
0 0 1 1

)
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m1
m2
m3
m4


 =

2 · 3
2




1
3
1
1


+




0
−1
0
0


 =




3
8
3
3




(
(x2 + 9)(x − 5)3(x − 1)(x − 7)

32

)3

=

(x2 + 9)3(x − 5)8(x − 1)3(x − 7)3

36 · (x − 5)

Roswitha Rissner 14
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Theorem (Hiebler, Nakato, R.; 2023)

Let (R, pR) be a DVR and f ∈ R[x ] s.t. F = f
pn irreducible.

TFAE:
• F is absolutely irreducible

• fd-ker(f ) = 0

• F S factors uniquely for S = 2(n + 1)nq
⌈ n
2 ⌉

where q = |R/pR|

C
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Theorem (Hiebler, Nakato, R.; 2023)

Let (R, pR) be a DVR and f ∈ R[x ] s.t. F = f
pn irreducible.

TFAE:
• F is absolutely irreducible
• fd-ker(f ) = 0

• F S factors uniquely for S = 2(n + 1)nq
⌈ n
2 ⌉

where q = |R/pR|

C

Roswitha Rissner 15



Theorem (Hiebler, Nakato, R.; 2023)

Let (R, pR) be a DVR and f ∈ R[x ] s.t. F = f
pn irreducible.

TFAE:
• F is absolutely irreducible
• fd-ker(f ) = 0

• F S factors uniquely for S = 2(n + 1)nq
⌈ n
2 ⌉

where q = |R/pR|

C

Roswitha Rissner 15



Factors of F j

(∏
g g

mg

pn

)j

= F1 · F2

=⇒

F1 ∼
∏

g g
kg

pℓ

F2 ∼
∏

g g
jmg−kg

pjn−ℓ

∑

g

v(g(w))

(
kg − ℓ

n
mg

)
= 0

(kg )g ∈ ℓ

n
mg + fd-ker(f )
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Factors of F j

�Q
g g

mg

pn

�j

= F1 · F2 =⇒

F1 ∼
Q

g g
kg

pℓ

F2 ∼
Q

g g
jmg−kg

pjn−ℓ

X

g

v(g(w))

�
kg − ℓ

n
mg

�
= 0

(kg )g ∈ ℓ

n
mg + fd-ker(f )
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The fd-kernel

fdp-matrix: matrix A with fd-ker(f ) = ker(A)

A =
(
v(g(w))

)
(w ,g)∈W×P

Lemma
For all a ∈ R with v(f (a)) = n exists a w ∈ W with

(
v(g(a))

)
g∈P =

(
v(g(w))

)
g∈P
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Construction of non-unique factorizations

0 ̸= (vg )g ∈ fd-ker(f ) =⇒ F k+ℓ =

∏
g g

kmg−vg

pkn
·
∏

g g
ℓmg+vg

pℓn
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Construction of non-unique factorizations

0 ̸= (vg )g ∈ fd-ker(f ) =⇒ F k+ℓ =

Q
g g

kmg−vg

pkn
·
Q

g g
ℓmg+vg

pℓn

Roswitha Rissner 8



Construction of non-unique factorizations

0 ̸= (vg )g ∈ fd-ker(f ) =⇒ F k+ℓ =

Q
g g

kmg−vg

pkn
·
Q

g g
ℓmg+vg

pℓn

Roswitha Rissner 8



Construction of non-unique factorizations

0 ̸= (vg )g ∈ fd-ker(f ) =⇒ F k+ℓ =

Q
g g

kmg−vg

pkn
·
Q

g g
ℓmg+vg

pℓn

Roswitha Rissner 8



Construction of non-unique factorizations

0 ̸= (vg )g ∈ fd-ker(f ) =⇒ F k+ℓ =

Q
g g

kmg−vg

pkn
·
Q

g g
ℓmg+vg

pℓn

Roswitha Rissner 8



Construction of non-unique factorizations

0 ̸= (vg )g ∈ fd-ker(f ) =⇒ F k+ℓ =

Q
g g

kmg−vg

pkn
·
Q

g g
ℓmg+vg

pℓn

Roswitha Rissner 8



Construction of non-unique factorizations

0 ̸= (vg )g ∈ fd-ker(f ) =⇒ F k+ℓ =

Q
g g

kmg−vg

pkn
·
Q

g g
ℓmg+vg

pℓn

Roswitha Rissner 8



Bounding k + ℓ

k + ℓ ≥ (n + 1)
(⌈

max

{
vg
mg

: vg > 0
}⌉

+

⌈
max

{−vg
mg

: vg < 0
}⌉)

min
{
∥v∥∞ : 0 ̸= v ∈ fd-ker(f ) ∩ ZP}

≤ nrank(A)−u

Theorem (Hiebler, Nakato, R., 2023)
The following are equivalent for irreducible F ∈ Int(R):

• F is absolutely irreducible
• F S factors uniquely for S = 2(n + 1)nrank(A)−u

• F S factors uniquely for S = 2(n + 1)nq
⌈ n
2 ⌉
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?Next:

• Local vs. global (one vs. many primes)
• What are the limits of the non-uniqueness of these factoriza-

tions?
• How many different factorizations? Of which lengths?
• Construct factorizations of powers of irreducibles

This research was funded in whole or in part by the Austrian Science Fund (FWF) [10.55776/DOC78].
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