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Triangulations o

The cluster algebra A,

A TRIANGULATION of the regular n + 3-gon P,;3 is a maximal collection of pairwise
non-crossing diagonals P,.3.

2 1
Ptolemy’s formula:
3 6 Frip a12a46 + a2aie
a = ————
aia
4 5

Knowing the values of a triangulation, we can know all the other values
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The cluster algebra of the n+3-gon o

Define the commutative ring A, generated by the variables
{aj | Vi,jwithl << j < n}
and with relations generated by

{a,-kaj, = ajjai + aiajk ‘ Vi, j, k,Iwithi <j < k < /}.
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The cluster algebra A,

The commutative ring A, comes with the following data.

m A special set of generators (the a;).

m Many special subsets of those generators (the triangulations) which ‘almost’
generate A,, in that every element can be written as a Laurent polynomial.
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The cluster algebra of the n+3-gon o

The commutative ring A, comes with the following data.

m A special set of generators (the a;).

m Many special subsets of those generators (the triangulations) which ‘almost’
generate A,, in that every element can be written as a Laurent polynomial.

m A simple relation for moving between two adjacent special subsets (the Ptolemy
relations), which replaces a single element with a binomial divided by the old
element.
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Cluster algebras: an idea o

A cluster algebra is a commutative ring A with the following data

m A special set of generators (the cluster variables).

m Many special subsets of those generators (the clusters) which ‘almost’ generate A,
in that every element can be written as a Laurent polynomial.

m A simple relation for moving between two adjacent special subsets (the mutation
relations), which replaces a single element with a binomial divided by the old
element.
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From A, to cluster algebras o

Let T = {di,...,dn} be a triangulation of Pp3.

Define a matrix B = (by), where b; = 1 (resp., -1) if dj, d; are two sides of a
triangle such that d; preceed d; counterclockwise (resp. clockwise). Otherwise
b = 0.
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From A, to cluster algebras o

The cluster algebra A,

Let T = {di,...,dn} be a triangulation of Pp3.

Define a matrix B = (by), where b; = 1 (resp., -1) if dj, d; are two sides of a
triangle such that d; preceed d; counterclockwise (resp. clockwise). Otherwise
b = 0.

di d
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From A, to cluster algebras o

The cluster algebra A,

Let T = {di,...,dn} be a triangulation of Pp3.

Define a matrix B = (by), where b; = 1 (resp., -1) if dj, d; are two sides of a
triangle such that d; preceed d; counterclockwise (resp. clockwise). Otherwise
b = 0.

The matrix B is antisymmetric!
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How does the matrix change under flips? o

The cluster algebra A,

di| d. 0 -1 0
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How does the matrix change under flips? o

The cluster algebra A,

di| d. 0 -1 0

FLIP IN d>
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The cluster algebra A,

di| d. 0 -1 0

FLIP IN d>

M. Pompili (mara.pompili@uni-graz.at) Every finitely generated abelian group is the class group of a generalized cluster algebra



How does the matrix change under flips? o

The cluster algebra A,

di| d. 0 -1 0
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FLIP IN d>
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How does the matrix change under flips? o

The cluster algebra A,

di| d 0 -1 0
S B(T)=(bj)=|1 0 -1
0 1 0
b —bjj ifi=2o0rj=2;

Y bij + ([b2)j] + biz + baj[—biz]+) otherwise.

FLIP IN d>
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How does the matrix change under flips? o

The cluster algebra A,

di| d. 0 -1 0
‘ B(T)=(by)=[1 0 -1
0 1 0
b —bjj ifi=2o0rj=2;

’ bjj + ([baj]+ biz + boj[—biz]+) otherwise.

FLIP IN d>
bis = bis + [bas]+ b1z + bos[—bio]+
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How does the matrix change under flips? o

The cluster algebra A,

di| d 0 -1 0
S B(T)=(bj)=|1 0 -1
0 1 0
b —bjj ifi=2o0rj=2;

Y bij + ([b2)j] + biz + baj[—biz]+) otherwise.

Frip IN d»
bis = bis + [bas]+ b1z + bos[—bio]+ =0+ (=1)1 = —1
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Introduction to GCA o

m CLUSTER ALGEBRAS were introduced by Fomin and Zelevinsky in 2002

m Aim: find a dual canonical basis for some Lie groups

Cluster algebras describe TRIANGULATIONS OF A RIEMANN SURFACE with marked
points

m Checkov and Shapiro in 2014 introduced GENERALIZED CLUSTER ALGEBRAS

Generalized cluster algebras describe triangulations of a surface with ORBIFOLD
POINTS
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Our setting o

Let R O Z be a factorial domain, n > 1.
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Let R O Z be a factorial domain, n > 1.

A matrix B € M,(Z) is SKEW-SYMMETRIZABLE if there exists a matrix D € M,(N)
such that DB is a skew-symmetric matrix.
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Our setting o

Generalized cluster algebras

Let R O Z be a factorial domain, n > 1.

A matrix B € M,(Z) is SKEW-SYMMETRIZABLE if there exists a matrix D € M,(N)
such that DB is a skew-symmetric matrix.

Notice that either b;bj; < 0 or b;j = bj; = 0.
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Our setting o

Let R O Z be a factorial domain, n > 1.

A matrix B € M,(Z) is SKEW-SYMMETRIZABLE if there exists a matrix D € M,(N)
such that DB is a skew-symmetric matrix.

Notice that either b;bj; < 0 or b;j = bj; = 0.

For each column i of B, fix a positive integer d; € N, such that d; | b for every
Jj€{1,...,n}. We denote by f3j the integer bji/d}.
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A CGENERALIZED SEED is a triple (x, p, B) where
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Generalized seeds o

A CGENERALIZED SEED is a triple (x, p, B) where

m B is a skew-symmetrizable matrix with a fixed set of column divisors {d,...,d,}

m p={p1,...,pn} is a set of coefficents with p; = {1, pi, ..., pig;_;, 1} C R
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Generalized seeds o

Generalized cluster algebras

A CGENERALIZED SEED is a triple (x, p, B) where

m B is a skew-symmetrizable matrix with a fixed set of column divisors {d,...,d,}
m p={p1,...,pn} is a set of coefficents with p; = {1, pi, ..., pig;_;, 1} C R

m x={x1,...,Xn} is a cluster, i.e. a set of algebraically independent indeterminates
over R.
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Mutation of a seed o

Let (x, p, B) be a generalized seed.! We want to mutate the seed in direction i, i.e. to
build another seed (x', p’, B').

For x € R, define the function [x]; := x if x > 0, and [x]; = O otherwise.
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Mutation of a seed o

Let (x, p, B) be a generalized seed.! We want to mutate the seed in direction i, i.e. to
build another seed (x', p’, B').

CLUSTER

x = (x\ x)U{x}
where

d; n
j[Bri di—J)[— By
xix| = PinXﬁBkHH D= Buil+
j=0 k=1

For x € R, define the function [x]; := x if x > 0, and [x]; = O otherwise.
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Mutation of a seed o

Let (x, p, B) be a generalized seed.! We want to mutate the seed in direction i, i.e. to
build another seed (x', p’, B').

CLUSTER
COEFFICENTS

X' = (x\x) U {x}

where

P =(p\ pi)U{pi}

where

d; n
j[Bri di—J)[— By
xix| = Zpij Hxi[Bk I+ (di =)= Buil+ P;j = P
j=0 k=1

For x € R, define the function [x]; := x if x > 0, and [x]; = O otherwise.
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Mutation of a seed o

Generalized cluster algebras

Let (x, p, B) be a generalized seed.! We want to mutate the seed in direction i, i.e. to
build another seed (x', p’, B').

CLUSTER MATRIX
COEFFICENTS o

If k=1iorl =1, then

X' = (x\x) U {x}

P =(p\ pi)U{pi} b — b
where W W
d; n where Otherwise,
o [Bkil++(di—H)[—Bril+ ’
XiX; = pi | | < i = Pidi—j
! = v g k Pij = Pidi—j by = b+ ([bi]+ bri+ bi[—bki]+)

For x € R, define the function [x]; := x if x > 0, and [x]; = O otherwise.
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Mutation of a seed o

Generalized cluster algebras

Let (x, p, B) be a generalized seed.! We want to mutate the seed in direction i, i.e. to
build another seed (x', p’, B').

CLUSTER MATRIX
COEFFICENTS o

If k=1iorl =1, then

X' = (x\x) U {x}

P =(p\ pi)U{pi} b — b
where W W
d; n where Otherwise,
o [Bkil++(di—H)[—Bril+ ’
XiX; = pi | | < i = Pidi—j
! = v g k Pij = Pidi—j by = b+ ([bi]+ bri+ bi[—bki]+)

The polynomials f; := x;x{ € R[x] are called EXCHANGE POLYNOMIALS.

For x € R, define the function [x]; := x if x > 0, and [x]; = O otherwise.
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Generalized cluster algebras o

Generalized cluster algebras

Let (x, p, B) be a generalized seed.

Mutations produce a collection of seeds (possibly infinitely many).

Each element of a cluster is called a CLUSTER VARIABLE.
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Generalized cluster algebras o

Generalized cluster algebras

Let (x, p, B) be a generalized seed.

Mutations produce a collection of seeds (possibly infinitely many).

Each element of a cluster is called a CLUSTER VARIABLE.

The GENERALIZED CLUSTER ALGEBRA A = A(x, p, B) is the subalgebra of the
rational functions R(x1,...,x») generated by all the cluster variables.
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Cluster algebras o

Assume d; = 1 for every i € [1, n].
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Cluster algebras o

Assume d; = 1 for every i € [1, n].

Then p; = (1,1) for every i € [1,n].
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Cluster algebras o

Assume d; = 1 for every i € [1,n].
Then p; = (1,1) for every i € [1, n].

And
d; n
X,'X,-/ _ Z pij H)d;[ﬂki]++(di_j)[_ﬁki]+
Jj=0 k=1
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Cluster algebras o

Assume d; = 1 for every i € [1,n].
Then p; = (1,1) for every i € [1,n].

And

n n

| | di[—Bri | | di[Bki
xix! = pio x? [—Bkil+ + pid; % [Bkil+

k=1 k=1
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Cluster algebras o

Assume d; = 1 for every i € [1,n].
Then p; = (1,1) for every i € [1,n].

And

n n
dil—Bui dilBu by by
X,-X,-/ — pioHXk’[ Bril+ + pid; ka,[ﬁk,h — H x; ki | H kal

k=1 k=1 by <0 byi >0
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Cluster algebras o

Assume d; = 1 for every i € [1,n].
Then p; = (1,1) for every i € [1,n].
And

n n
dil—Bui dilBu by by
X,-X,-/ — pioHXk’[ Bril+ + pid; ka,[ﬁk,h — H x; ki | H kal

k=1 k=1 by <0 byi >0

And in this case we say that A(x, B) is a CLUSTER ALGEBRA.
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An example o

0 -2

m Let x = {x1,x}, B= 1 0

,di=1,b =2, and p1 = {1,1},p» = {1,2,1}.
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An example o

0 -2

m Let x = {x1,x}, B= (1 0

), di = 1,d2 =2, and pP1 = {1, 1},p2 = {1,2,1}.

m To get 1 = x1x]....

d 2
xix) = Zplj Hxilﬁnhﬂdrf)lfﬁmh
=0 k=1
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An example o

0 -2

m Let x = {x1, %}, B= (1 0

), di=1,db =2, and p1 = {1,1},p» = {1,2,1}.

m Toget 1 =x1x....

2 2
/ I I [—bal+ I | [br1l+
X1X1] = X —+ X
k=1 k=1
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An example o

0 -2

m Let x = {x1,x}, B= (1 0

), di=1,db =2, and p1 = {1,1}, po = {1,2,1}.

m To get 1 = x1x]....

xixi = Xz[*b21]+ + Xz[b21]+
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An example o

0 -2

m Let x = {x1,x}, B= (1 0

), di=1,db =2, and p1 = {1,1}, po = {1,2,1}.

m Toget 1 =x1x....
x1x{ =x+1

itely generated abelian group is the class group of a generalized cluster algebra



An example o

0 -2

m Let x = {x1,x}, B= (1 0

), di = 1,d2 =2, and pP1 = {1, 1},p2 = {1,2,1}.

m To get 1 = x1x]....
x1x{ =x+1

m To get h = xx5....

o 2
XoX) = Zp2j H)d[ﬂkzl++(d2—1)[—/321]+
=0 k=1

ly generated abelian group is the class group of a gener: d cluster algebra



An example o

Generalized cluster algebras

m Let x = {x1,x}, B= ((1) 62) di=1,db =2, and p1 = {1,1}, po = {1,2,1}.

m Toget 1 = xix]....
x1x{ =x+1
m To get h = x2X5....

2 2 2
X2X2/ _ H Xi[*ﬁkzh +2 H X‘[(ﬁk2]++[*5kz]+ + H Xi[ﬁkzh

k=1 k=1 k=1
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An example o

0 -2

m Let x = {x1,x}, B= (1 0

), di = 1,d2 =2, and pP1 = {1, 1},p2 = {1,2,1}.

m Toget 1 = xix]....
x1x{ =x+1

m To get h = x2X5....

2 2 2
xoXh = HX,%FB“]* ) HX,[(BIQ]#»‘F[*BIQ]#» + Hxilﬁkzh =x2 4+ 2 +1
k=1 k=1 k=1
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An example o

0 -2

m Let x = {x1,x}, B= (1 0

), di = 1,d2 =2, and pP1 = {1, 1},p2 = {1,2,1}.
m Toget 1 = xix]....
x1x{ =x+1

m To get h = x2X5....

2 2 2
xoXh = HX,%FB“]* ) HX,[(BIQ]#»‘F[*BIQ]#» + Hxilﬁkzh =x2 4+ 2 +1
k=1 k=1 k=1
1+ xx k € 27

m A(x, p, B) = R[x1, x2, x3, Xa, X5, X6, With Xx_1X441 = .
(x,p. B) b, 2, 33, 3,5, 0] e {1+2xk+xf otherwise

M. Pompili (mara.pompili@uni-graz.at) Every finitely generated abelian group is the class group of a generalized cluster algebra



Our old example A, o

Generalized cluster algebras

Let's consider again triangulations of our hexagon Ps...
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Our old example A, o

Generalized cluster algebras
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-1 ifj=i+1
An = A(x,B), with x ={x1,...,xa},and by =¢1 ifj=i-1
0 otherwise
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-1 ifj=i+1
An = A(x,B), with x ={x1,...,xa},and by =¢1 ifj=i-1
0 otherwise

triangulations <> clusters
diagonals <+ cluster variables
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Our old example A, o

-1 ifj=i+1
An = A(x,B), with x ={x1,...,xa},and by =¢1 ifj=i-1
0 otherwise

triangulations <> clusters
diagonals <+ cluster variables

1+x x3+x3 l+x xi+(14x)x3 (A+x)x1+x3 (1+x2)(x1+X3)]

A3:R[X1’X2’X3’ x 7 oxp 7 ox3 ) X1X2 ’ x2X3 ’ X1X2X3

ly generated abelian group is the class group of a gener: d cluster algebra



Some properties o

Generalized cluster algebras

Cluster | Generalized Cluster
Algebras Algebras
+1
(Laurﬁ]tgpfe[r):on}enon) v v
A* = R v v
cluster variables are strong atoms v v
exchange polynomials have positive coefficients v v
full finite type classification v v
FF-domains v v
Class groups Z" z'/1
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m KRULL DOMAINS are a higher dimensional generalization of DEDEKIND DOMAINS 2

2integral domains where every non-zero ideals factors uniquely into prime ideals.
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m KRULL DOMAINS are a higher dimensional generalization of DEDEKIND DOMAINS 2
m The CLASS GROUP C(A) of A is

C(A) = (height-1 prime ideals) /{principal ideals}.

2integral domains where every non-zero ideals factors uniquely into prime ideals.
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Class groups of generalized cluster algebras

m KRULL DOMAINS are a higher dimensional generalization of DEDEKIND DOMAINS 2
m The CLASS GROUP C(A) of A is

C(A) = (height-1 prime ideals) /{principal ideals}.

m There are only finitely many height-1 prime ideals that contain an element x € A,
say Pi, ..., Pt.

2integral domains where every non-zero ideals factors uniquely into prime ideals.
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Krull domains and their class groups o

Class groups of generalized cluster algebras

KRULL DOMAINS are a higher dimensional generalization of DEDEKIND DOMAINS 2
m The CLASS GROUP C(A) of A is

C(A) = (height-1 prime ideals) /{principal ideals}.

m There are only finitely many height-1 prime ideals that contain an element x € A,
say Pi, ..., Pt.

m The principal ideal xA can be written uniquely as

XA:plal oy S

with a; € Np.

2integral domains where every non-zero ideals factors uniquely into prime ideals.
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Realization theorems o
m Claborn 1966: every abelian group is the class group of a Dedekind domain.

m Leedham-Green 1972: every abelian group is the class group of a Dedekind domain
that is the quadratic extension of a principal ideal domain.

m Rosen 1976: every countable abelian group is the class group of an elliptic Dedekind
domain.

m Smertnig 2017: every abelian group is the class group of a simple Dedekind domain.

m Still open: is every finite abelian group isomorphic the class group of the ring of
integers of a number field?
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Are cluster algebras Krull domains? o

m FINITE TYPE CLUSTER ALGEBRAS® are Krull domains

3Cluster algebras with finitely many cluster variables
4The matrix B is non-singular.

M. Pompili (mara.pompili@uni-graz.at) ly generated abelian group is the class group of a generalized cluster algebra



Are cluster algebras Krull domains? o

m FINITE TYPE CLUSTER ALGEBRAS® are Krull domains

m LOCALLY ACYCLIC CLUSTER ALGEBRAS are noetherian and integrally closed, so
Krull domains.

3Cluster algebras with finitely many cluster variables
4The matrix B is non-singular.
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m FINITE TYPE CLUSTER ALGEBRAS® are Krull domains

m LOCALLY ACYCLIC CLUSTER ALGEBRAS are noetherian and integrally closed, so
Krull domains.

m FULL RANK CLUSTER ALGEBRAS* are Krull domains.

3Cluster algebras with finitely many cluster variables
4The matrix B is non-singular.
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Are cluster algebras Krull domains? o

m FINITE TYPE CLUSTER ALGEBRAS® are Krull domains

LOCALLY ACYCLIC CLUSTER ALGEBRAS are noetherian and integrally closed, so
Krull domains.

m FULL RANK CLUSTER ALGEBRAS* are Krull domains.

m The MARKOV CLUSTER ALGEBRA is not a Krull domain.

3Cluster algebras with finitely many cluster variables
4The matrix B is non-singular.
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Class group of a cluster algebra o

Class groups of generalized cluster algebras

Theorem (Garcia Elsener, Lampe, Smertnig 2019)

Let A = A(x, B) be a cluster algebra. Assume that A is a Krull domain. Then
the class group C(A) of A'is
C(A) =27,

where r is the number of height-1 prime ideals that contain one of xi, ..., X,.




Class group of a cluster algebra o

Class groups of generalized cluster algebras

Theorem (Garcia Elsener, Lampe, Smertnig 2019)

Let A = A(x, B) be a cluster algebra. Assume that A is a Krull domain. Then
the class group C(A) of A'is
C(A) =27,

where r is the number of height-1 prime ideals that contain one of xi, ..., X,.

Moreover, if n > 2, then every class contains exactly |R| height-1 prime ideals.
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The rank o
Class groups of generalized cluster algebras

The rank r of the class group C(.A) can be computed explicitely in some cases:
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The rank o
Class groups of generalized cluster algebras

The rank r of the class group C(.A) can be computed explicitely in some cases:

m for acyclic cluster algebras (Garcia Elsener, Lampe, Smertnig 2019)
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The rank o
Class groups of generalized cluster algebras

The rank r of the class group C(.A) can be computed explicitely in some cases:

m for acyclic cluster algebras (Garcia Elsener, Lampe, Smertnig 2019)

m full rank upper cluster algebras (P. 2023)

ly generated abelian group is the class group of a gener: d cluster algebra



Class group of a generalized cluster algebra o

Theorem (P. 2024)

Let A = A(x,p, B) be a generalized cluster algebra. Assume that A is a Krull
domain. Let p1,...,p, be the pairwise distinct height-1 prime ideals of A contain-
ining one of xi,...,x,. Suppose that

;A =pit ., ey, pdt,
with a; = (aj)j=; € Ng. Then
C(A) =2 (as | € [1,n])

and it is generated by [pi1], ..., [pr]-

Moreover, if n > 2, then every class contains exactly |R| height-1 prime ideals.
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What can we do with our class group? o

Let A be a generalized cluster algebra (that is also a Krull domain), and G its class group.
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m If G =0, then A is factorial.
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What can we do with our class group? o

Class groups of generalized cluster algebras

Let A be a generalized cluster algebra (that is also a Krull domain), and G its class group.

m If G =0, then A is factorial.

m If G is infinite, then for every non-empty finite subset L = {h, ..., k} of N>, there
exists a € A such that

a= ul,l"'ul,ll = . = u/1,1"'”/1,/17

where ujj are atoms of A.
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What can we do with our class group? o

Class groups of generalized cluster algebras

Let A be a generalized cluster algebra (that is also a Krull domain), and G its class group.

m If G =0, then A is factorial.

m If G is infinite, then for every non-empty finite subset L = {h, ..., k} of N>, there
exists a € A such that

a—= ul,l"'ul,ll — ... = thl ullv’l’
where ujj are atoms of A.

m If G is finite, then there are arithmetic invariants that make us completely
understand the algebraic structure of A.
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Height-1 prime ideals o

Proposition (P. 2024)

Let A = A(x, p, B) be a generalized cluster algebra. Suppose that A is acyclic and
full rank. Let ri,...,r € R[x] be the distinct irreducible factors of the exchange
polynomial £ = x;x!. Then

{rAinAlje[Lt]}

is the set of all the height-1 prime ideals of A that contain x;.
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Height-1 prime ideals o

Proposition (P. 2024)

Let A = A(x, p, B) be a generalized cluster algebra. Suppose that A is acyclic and
full rank. Let ri,...,r € R[x] be the distinct irreducible factors of the exchange
polynomial £ = x;x!. Then

{rAinAlje[Lt]}

is the set of all the height-1 prime ideals of A that contain x;.

Here A; denote the Laurent polynomial ring R[xlil, e ,x,-/il, .. 7x,,il].
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How to compute the class group? o

Let's come back to our example with B = (cl) _02> and p1 = {1,1},po = {1,2,1}.
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How to compute the class group? o

Let's come back to our example with B = (cl) _02> and p1 = {1,1},po = {1,2,1}.

Remember that i = x» + 1 and f» = x + 2x; + 1.
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How to compute the class group? o

Let's come back to our example with B = (cl) _02> and p1 = {1,1},po = {1,2,1}.

Remember that i = x» + 1 and f» = x + 2x; + 1.

Then p1 = (x» + 1)A1 N A is the only height-1 prime that contains x; and
p> = (x1 + 1)A> N A is the only height-1 prime that contains x..
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How to compute the class group? o

Let's come back to our example with B = (cl) _02> and p1 = {1,1},po = {1,2,1}.

Remember that i = x» + 1 and f» = x + 2x; + 1.

Then p1 = (x» + 1)A1 N A is the only height-1 prime that contains x; and
p> = (x1 + 1)A> N A is the only height-1 prime that contains x>. So r = 2.

M. Pompili (mara.pompili@uni-graz.at) Every finitely generated abelian group is the class group of a generalized cluster algebra



How to compute the class group? o

Let's come back to our example with B = (cl) _02> and p1 = {1,1},po = {1,2,1}.

Remember that i = x» + 1 and f» = x + 2x; + 1.

Then p1 = (x» + 1)A1 N A is the only height-1 prime that contains x; and
p> = (x1 + 1)A> N A is the only height-1 prime that contains x>. So r = 2.

In addition, x;.4 = p1 and x. A = p3.
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How to compute the class group? o

Let's come back to our example with B = (cl) _02> and p1 = {1,1},po = {1,2,1}.

Remember that i = x» + 1 and f» = x + 2x; + 1.

Then p1 = (x» + 1)A1 N A is the only height-1 prime that contains x; and
p> = (x1 + 1)A> N A is the only height-1 prime that contains x>. So r = 2.

In addition, x1.A4 = p; and x2.A = p3. Hence a; = (1,0) and a> = (0,2).
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How to compute the class group? o

Let's come back to our example with B = (cl) _02> and p1 = {1,1},po = {1,2,1}.

Remember that i = x» + 1 and f» = x + 2x; + 1.

Then p1 = (x» + 1)A1 N A is the only height-1 prime that contains x; and
p> = (x1 + 1)A> N A is the only height-1 prime that contains x>. So r = 2.

In addition, x1.A4 = p; and x2.A = p3. Hence a; = (1,0) and a> = (0,2).

Therefore C(A) = 72/ (a1, a,) = Z/27.
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A realization theorem o

Class groups of generalized cluster algebras

Theorem (P. 2024)

Let G be a finitely generated abelian group. Then there exists an acyclic and
coprime generalized cluster algebra A over an algebraically closed field k such that
A is a Krull domain, its class group C(.A) is isomorphic to G and each class of
C(A) contains exactly |k| prime divisors.

Every finitely generated abelian group is the class group of a generalized cluster algebra

M. Pompili (mara.pompili@uni



Idea of the construction o

Let G be Z* x Z/3Z.
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Idea of the construction o

Let G be Z* x Z/3Z.

m Let x = {x1,%,x3, X }.
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Idea of the construction o

Let G be Z* x Z/3Z.

m Let x = {x1,%,x3, X }.

o
o
o
I
-

m Let B=

o1 O O
o w o
o
o O o
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Idea of the construction o

Let G be Z* x Z/3Z.

m Let x = {x1,%,x3, X }.

00 0 -1
0 0 -1 o0 .

m Let B= 0 3 0 0 , p1 ={1,1} and po = {1,3,3,1}, p3 = pa = {1, 1}
5 0 0 0

M. Pompili (mara.pompili@uni-graz.at) Every finitely generated abelian group is the class group of a generalized cluster algebra



Idea of the construction o

Let G be Z* x Z/3Z.

m Let x = {x1,%,x3, X }.

00 0 -1
0 0 -1 o0 .

m Let B= 0 3 0 0 , p1 ={1,1} and po = {1,3,3,1}, p3 = pa = {1, 1}
5 0 0 0

mfAi=x+1h=0s+1), f=x+1 fh=x+1
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Idea of the construction o

Let G be Z* x Z/3Z.

m Let x = {x1,%,x3, X }.

00 0 -1
0 0 -1 o0 .

m Let B= 0 3 0 0 , p1 ={1,1} and po = {1,3,3,1}, p3 = pa = {1, 1}
5 0 0 0

™ ﬂ:x[:’+1,1‘2:(X3+1)3,fgg:xz—l—l,ﬁ;:xl—kl.Write: fi=n---r,and fh = g5.
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Idea of the construction o

Let G be Z* x Z/3Z.

m Let x = {x1,%,x3, X }.

00 0 -1
0 0 -1 o0 .

m Let B= 0 3 0 0 , p1 ={1,1} and po = {1,3,3,1}, p3 = pa = {1, 1}
5 0 0 0

mh=x+1Lh=0+1)0, =x+1 fh=xx+1Write: i =n---r5,and fr = g7.

] {rlAl N .A7 nALN .A, rRA1 N .A, A N .A, rs A N .A,

P11,---,P153x1
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Idea of the construction o

Let G be Z* x Z/3Z.

m Let x = {x1,%,x3, X }.

00 0 -1
0 0 -1 o0 .

m Let B= 0 3 0 0 , p1 ={1,1} and po = {1,3,3,1}, p3 = pa = {1, 1}
5 0 0 0

mh=x+1Lh=0+1)0, =x+1 fh=xx+1Write: i =n---r5,and fr = g7.

| ] {rlAl NA rRAINA sAINA nAINA sAINA AN A
—

P11,---,P153x1 =p23x2
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Idea of the construction o

Let G be Z* x Z/3Z.

m Let x = {x1,%,x3, X }.

00 0 -1
0 0 -1 o0 .

m Let B= 0 3 0 0 , p1 ={1,1} and po = {1,3,3,1}, p3 = pa = {1, 1}
5 0 0 0

mh=x+1Lh=0+1)0, =x+1 fh=xx+1Write: i =n---r5,and fr = g7.

] {rlAl N .A7 nALN .A, rRA1 N .A, A N .A, rsA; N .A, A2 N .A, A3 N .A, faAs N .A}
— = —

P115---,P15DX1 =:p23x =1p335x3 RRZER
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Idea of the construction o

Let G be Z* x Z/3Z.

m Let x = {x1,%,x3, X }.

00 0 -1
0 0 -1 o0 .

m Let B= 0 3 0 0 , p1 ={1,1} and po = {1,3,3,1}, p3 = pa = {1, 1}
5 0 0 0

mh=x+1Lh=0+1)0, =x+1 fh=xx+1Write: i =n---r5,and fr = g7.

] {rlAl N .A7 nALN .A, rRA1 N .A, A N .A, rsA; N .A, A2 N .A, A3 N .A, faAs N .A}
— = —

P115---,P15DX1 =:p23x =1p335x3 RRZER

B A =Pi1 oy Pr2 v P13 v Pra - Pis, 0 A = p3, 3 A = p3, xa A = pa
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Idea of the construction o

Let G be Z* x Z/3Z.

m Let x = {x1,%,x3, X }.

00 0 -1
0 0 -1 o0 .

m Let B= 0 3 0 0 , p1 ={1,1} and po = {1,3,3,1}, p3 = pa = {1, 1}
5 0 0 0

mh=x+1Lh=0+1)0, =x+1 fh=xx+1Write: i =n---r5,and fr = g7.

{rlAl N .A7 nALN .A, rRA1 N .A, A N .A, rsA; N .A, A2 N .A, A3 N .A, faAs N .A}
— = —

P115---,P15DX1 =:p23x =1p335x3 RRZER

B A =Pi1 oy Pr2 v P13 v Pra - Pis, 0 A = p3, 3 A = p3, xa A = pa
m C(A(x,p,B)) = 78/(ay,...,as) = Z* x Z/3Z.
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Summary o

Class groups of generalized cluster algebras

m The class groups of generalized cluster and cluster algebras (that are Krull domains)
are always finitely generated.

m Cluster algebras does not have torsion, while generalised cluster algebra may have
torsion.

m It is possible to realize every finitely generated abelian group as class group of a
generalized cluster algebra.
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Summary o

Class groups of generalized cluster algebras

m The class groups of generalized cluster and cluster algebras (that are Krull domains)
are always finitely generated.

m Cluster algebras does not have torsion, while generalised cluster algebra may have
torsion.

m It is possible to realize every finitely generated abelian group as class group of a
generalized cluster algebra.

Open questions:
m Is there a characterization of (generalized) cluster algebras that are Krull domains?

m Can we say something more about the arithmetic of generalized cluster algebras?

ly generated abelian group is the class group of a gener: d cluster algebra



Class groups of generalized cluster algebras

Thank you for your attention!
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